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Abstract

In this thesis the dynamical processes in stellar winds are investigated. Various
types of stellar objects are considered. In the first part of the thesis the processes
in the winds of rapidly rotating, magnetized astrophysical objects are studied.
Particularly, in the first chapter the charged particle acceleration due to the
rotating magnetic field, which is frozen in central object is studied. In the first
section of the second chapter the motion of test particles along rotating curved
trajectories is considered. The problem is studied both in the laboratory and
the rotating frames of reference. It is assumed that the system rotates with
constant angular velocity. The solutions are found and analyzed for the case
when the form of the trajectory is given by an Archimedean spiral. It is found
that particles can reach infinity while they move along these trajectories and the
physical interpretation of their behavior is given. The analogy of this idealized
study with the motion of particles along the curved rotating magnetic field lines
in the pulsar magnetosphere is pointed out.

An accelerated, charged, particle radiates and due to this emission it loses its
kinetic energy. In other word, due to the emission the particle is affected by
Radiation Reaction forces (RR force). In the second section of the second
chapter we study the influence of Radiation Reaction forces, on the dynamics
of centrifugally accelerated particles. It is assumed that the particles move along
magnetic field lines anchored in the rotating central object. The common “bead-
on-the-wire” approximation is used. The solutions are found and analyzed for
cases when the form of the prescribed trajectory (rigidly rotating field line) is
approximated by: (a) straight line, and (b) Archimedean spiral. Dynamics of
particles not influenced by radiation reaction and the particles affected by RR
force are compared with the emphasize on the role of RR forces in the latter case.
It is shown that for charged particles there exist locations of stable equilibrium. It
is demonstrated that for particular initial conditions RR forces cause centripetal
motion of the particles: their “falling” on the central rotating object. It is found
that in the case of Archimedean spiral in both cases, when RR force is taken
into account and neglected, particles can reach infinity where their motion has
asymptotically force-free character.
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In the third chapter a process of generation of a toroidal component of large
scale magnetic field, leading to the reconstruction of the pulsar magnetospheres is
presented. In order to understand twisting of magnetic field lines, we investigate
the kinematics of a plasma stream co-rotating in the pulsar magnetosphere.
Studying an exact set of equations describing the behavior of relativistic plasma
flows, the increment of the curvature drift instability is derived, and estimated for
1-second pulsars. It is shown that a new parametric process is very efficient and
it can explain rotation energy pumping in the pulsar magnetospheres.

In the second section of the thesis, we focus on the dynamical processes in the
solar wind. The evolution of magnetic clouds (MC) and their interaction with
ambient solar wind is investigated. In the fourth chapter we present an analytical
study of the dynamics of the MCs. In the first section of the fourth chapter we
model and study the plasma parameters in the vicinity of interplanetary MCs.
To this end we present a model in which the MCs are immersed in a magnetised
plasma flow with a homogeneous magnetic field. We first calculate the resulting
distortion of the external magnetic field and then determine the plasma velocity by
employing the frozen-in condition. Subsequently, the plasma density and pressure
are expressed as functions of the magnetic field and the velocity field. The plasma
flow parameters are determined by solving MHD equations for both the stationary
regime and for the case of an expanding cylindrical magnetic cloud, thus extending
previous results that appeared in the literature.

In the second section of the fourth chapter in order to study the evolution of
the magnetic clouds the self-similar approach method is used. It is shown that
the electromagnetic and the forces caused by gradient of the thermal pressure
are balanced in the considered self-similarly evolving, cylindrically symmetric
magnetic structures. Explicit analytical expressions for magnetic field, plasma
velocity, density and pressure within MCs are derived.

In the fifth chapter we study the dynamics of the magnetic clouds using numerical
codes. In the first section of the fifth chapter we investigate the dynamics of self-
similarly evolving MCs by means of the numerical code “Graale”. The MCs are
characterized by a density lower than in ambient solar wind and by a plasma β
smaller than that in solar wind, therefore we study their expansion in a medium
with higher density and higher plasma β. It is shown that the physical parameters
of the MCs, such as density, pressure, magnetic and velocity fields maintain their
self-similar character throughout their evolution. In the second section of the fifth
chapter the 3-D numerical code, which is one of the versions of code “CRONOS”,
is used in order to investigate the dynamics of the MCs. It is shown that initially,
the analytical models represent some observational features of the MCs. However,
these characteristics are maintained only in those structures which move with a
velocity close to the velocity of the background flow. In this case MC’s evolution
can quite accurately be described by an analytic, self-similar approach. The
dynamics of the magnetic structures which move with a velocity much above or
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below that of the velocity of solar wind, is investigated in some detail. The case
when an MC rotates around its axis is also considered and the influence of rotation
on the MC dynamics is studied. A comparison of the numerical results with
observational data indicates reasonable agreement especially for the intermediate
case, in which two velocities (MC’s bulk velocity and velocity of background flow)
are equal. In the particular case of analytical solutions obtained on the basis of the
self-similar approach, these solutions describe the MC’s evolution quite accurately.
In general, however, numerical simulation runs are beneficial to investigate the
evolution of these magnetic structures for the various sets of initial parameters.



Nomenclature

AGN Active galactic nuclei

CDW Curvature drift waves

CME Coronal mass ejection

ICME Interplanetary coronal mass ejection

IP Interplanetary

LAD Lorentz Abraham Dirac

LCS Light cylinder surface

LF Laboratory frame

LL Landau and Lifshitz

LLR Landau-Lifshitz-Rohrlich

MC Magnetic cloud

MHD Magneto hydrodynamics

ODE Ordinary differential equation

RF Rotating frame

RR Radiation reaction
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Chapter 1

Introduction

1.1 Overview of stellar winds

In the past century, it was discovered that nearly all stars lose mass through a more
or less continuous surface outflow called a “stellar wind” (Lamers & Cassinelli
1999). While it was long apparent that stars could eject material in dramatic
outburst like in novae or supernovae, the concept of continuous mass loss in the
relatively quiescent phases of a star’s evolution stems in large part from the direct
in situ detection by interplanetary spacecraft of a high-speed, supersonic outflow
from the sun. This was dubbed the solar “wind”, in part to distinguish it from the
subsonic solar “breeze” solutions which were once posited for the solar coronal
expansion, and which still might have relevance for stars other than the Sun
(Owocki 2003). The stellar wind plays an important role in the life cycle of the
stars. Different stellar objects are characterized by different mass loss rates and
different values of the stellar wind terminal velocity. The sun loses about 10−14

solar masses per year. The solar wind blows with a velocity of 200 − 300 km/s
from the solar surface at low latitude (slow wind) and 700−800 km/s from coronal
holes (fast wind). Cool luminous stars like red giants, loose about 10−8−10−4 solar
masses per year from winds blowing with a speed of 20 − 60 km/s, hot luminous
stars have stronger winds with velocities up to 2000 km/s and their mass loss rate
is up to 10−5 solar masses per year.

There are different processes driving stellar winds. Stellar winds of cool stars, like
the Sun (with a surface temperature of about 6000 K), are driven by the thermal
pressure. The solar wind is generated in the very hot (temperature 106 K) solar
corona. Stellar winds of hot stars (with a surface temperature of 104 − 105 K) are
driven by the pressure of radiation, e.g. red giants and Wolf-Rayet stars.

1



2 INTRODUCTION

Stellar outflows can be affected by rotation of the star and its magnetic field,
which is frozen into the central object i.e. the magnetic field lines co-rotate with
the star. The presence of rotation and a magnetic field can cause the forces to
act on the outflow, which can lead to an increase of several orders of magnitude
in mass loss, wind momentum and wind energy (Lamers & Cassinelli 1999). The
transformation of the star’s rotational energy into the stellar wind leads to the
loss of a star’s angular momentum.

Parker (1958) proposed a model for a thermally driven stellar wind. This model
was applied to the solar wind. In Weber & Davis (1967) and Mestel (1968)
the authors generalized Parker’s model by including the effects of rotation and
a magnetic field. Weber & Davis (1967) derived solutions for a non-relativistic
stellar wind, and in Michel (1969) and Goldreich & Julian (1970) relativistic stellar
winds, driven by centrifugal and magnetic forces, were considered.

The model which was originally developed for the thermally driven solar wind
was eventually, in a generalized form (taking into account the effects of rotation
and a magnetic field and also considering relativistic flow), used to study the
magnetospheres of rotating stars. In this thesis, we study dynamical processes in
the magnetospheres of rapidly rotating astrophysical objects and the dynamics of
interplanetary coronal mass ejections and their interaction with the solar wind.

1.2 Overview of dynamical processes in the magneto-
sphere of rotating astrophysical objects

Our information about the characteristics of stellar winds comes from emission
and absorption lines. The origin of non-thermal, high-energy gamma-ray emission
remains still a challenging issue in modern physics of pulsars. In order to
produce high-energy emission, the existence of ultra-relativistic, charged particles
is required (Machabeli & Osmanov 2009, Osmanov & Rieger 2009). Pulsars,
i.e. rotating neutron stars with a strong magnetic field, are examples of rotating
magnetized objects with a high energy emission (see Fig. 1.1). Pulsars emit beams
of electromagnetic radiation. This radiation could be detected in those cases where
the beam of the emission is pointing towards the Earth. It is natural to expect
that rotating magnetospheres of magnetized astrophysical objects will affect the
plasma processes. In strong magnetic fields, charged particles move along the field
lines (Fig. 1.2), and the rotation of the magnetic field can lead to a centrifugal
acceleration of the charged particles. The efficiency of the centrifugal acceleration
of the charged particles and the role of the centrifugal forces in the production of
high-energy emission was studied in a series of works by Michel (1969), Gold (1968),
Gold (1969), Blandford & Payne (1982), Machabeli & Rogava (1994), Rogava et al.
(2003), Dalakishvili et al. (2005) and Osmanov & Rieger (2009). These models
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could be used to describe the role of centrifugal forces on the dynamics of the
charged particles moving in the magnetospheres of rotating stellar objects.

By definition, a pulsar’s wind zone begins where the star’s oblique magnetic dipole
field stops co-rotating, i.e. at the light cylinder (Fig. 1.3), the hypothetical place
where the linear rotational velocity is equal to the speed of light (Kundt 1981).
Since outside the light cylinder the magnetospheric plasma could not stay in rigid
co-rotation with the central object, the interaction between plasma and magnetic
field increases near the light cylinder and the plasma starts to deform the magnetic
field, therefore one of the major problems for pulsar winds concerns the transport
of magnetized plasma flows through the light cylinder. In order to investigate

Figure 1.1: Sketch of the pulsar magnetosphere. Source of picture:
http:http://reactorfire.files.wordpress.com/2009/05/pulsar.jpg
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this issue, the dynamics of a relativistic, magnetized plasma flow was investigated:
particularly in Osmanov et al. (2008, 2009) the structure of the magnetic field and
magnetosphere near the light cylinder was investigated. It was shown that there
is a possibility of a parametrically excited rotational-energy pumping-process in
drift modes. This possibility is indicated by the generation of a toroidal component
of the magnetic field that transforms the field lines into such a configuration, in
which plasma particles do not experience any forces. At this stage, the instability
process saturates and the further amplification of the toroidal component to the
magnetic field lines is suspended.

Machabeli et al. (2005) investigated the pumping of the pulsars rotational energy
into the magnetosphere plasma, and it was shown that plasma waves can grow
because of the pulsar‘s rotation. In Osmanov (2008a,b), it was shown that fugal
effects could lead to instabilities in active galactic nuclei (AGN) jets and AGN
winds.

Figure 1.2: Sketch illustrating charged particles moving along the magnetic field
lines of a pulsar magnetosphere.
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Figure 1.3: Sketch illustrating curvature of the magnetic field lines near the light
cylinder in pulsar magnetosphere.

Stellar winds affect not only the dynamics and the life cycle of stars, but in
general the associated input of mass, momentum, and energy into the interstellar
medium can have significant consequences, forming visually striking nebulae and
wind blown “bubbles”, and even playing a role in bursts of new star formation
that can influence the overall structure and evolution of the parent galaxy. In
recent years, the general concept of a continuous “wind” has even been extended
to describe outflows with a diverse range of conditions and scales, ranging from
stellar accretion disks to complete galaxies (Owocki 2003). It is interesting to
investigate the dynamics of stellar ejecta and their interaction with stellar winds.
Solar coronal mass ejections (CMEs) are an example of stellar ejecta, and the
existence of in situ data provides a good opportunity to study their dynamics in
details.

1.3 Overview of dynamical processes in the solar wind

1.3.1 Coronal mass ejections

The Sun’s outer atmosphere is so hot that gravity cannot prevent it from
continually expanding. The continuous stream of high energetic particles
emanating from the Sun is known as the solar wind. Parker (1958) was the first to
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realize that the solar corona has to expand and he predicted a transonic outflow
from the hot corona into interplanetary space. In the solar wind there sometimes
occurs an intensive rise of magnetic field and energetic plasma above the solar
corona: these ejections are called coronal mass ejections (CME). CMEs are the
most energetic events in solar system (Klimchuk 2001). They represent sudden
eruptions of typically 1016 g of coronal material with typical speeds of the order
of several hundred kilometers per second (Klimchuk 2001). Many CMEs have a
“classic three part structure” consisting of a bright frontal loop, a dark cavity and
an embedded bright core (see Fig. 1.4).

It was suggested that the cavities correspond to flux ropes. This assumption is
supported by the observations that detected that the tops of most cavities are
well rounded. It is believed that the embedded bright core consists of prominence
material that is trapped at the bottom of the helical field lines and dragged upward
during the eruption (Klimchuk 2001, and references therein). Note that not all
CMEs show a clear three-part structure, however. As a matter of fact, most CMEs
possess a much more complex structure. Observations describing the structure of
CMEs show two-dimensional projections of three-dimensional structures. This
makes it difficult to disentangle the overlapping features.

The magnetic field dominates throughout the corona, especially within active
regions and at lower latitudes (β ≡ 8πp/B2, where p stands for thermal pressure
and B denotes the absolute value of the magnetic field strength). Therefore, it is
believed that the magnetic forces play the most important role in the dynamics
of CMEs. CMEs occur when the balance of forces is violated. Two competing
magnetic forces are related to magnetic pressure and magnetic tension. On the
Sun, arcade-like structures of magnetic field lines, rooted in the Sun surface, arch

Figure 1.4: ”Lightbulb” CME. The coronal mass ejection that occurred on Feb.
27, 2000 taken by LASCO C2 and C3.
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over any flux rope. The magnetic tension of such arcades acts to hold the flux rope
in place. When the magnetic pressure force, which tends to expand the flux rope,
is larger than the arcade magnetic tension force, the eruption starts. The eruption
process occurs to be unstable so that the force imbalance grows exponentially in
time and the eruption may become extremely violent.

There are two main models for the driving mechanism of CMEs, viz. ‘directly
driven’ models and ‘storage and release’ models. Directly driven models include
the so-called ‘thermal blast’ models. In these models, a sudden release of thermal
energy in the low corona causes an instability, thus initiating the CMEs. The
second class of directly driven models is called the ‘dynamo’ models. In this case,
the stressing of the magnetic field involves the rapid generation of coronal magnetic
flux. There is an associated increase in magnetic pressure and the system responds
by inflating (Klimchuk 1999). If the displacement is rapid enough, the inflation
may resemble CMEs. The ‘storage and release’ models include three main classes
of CME driving processes. The first class of storage and release models is called
the ‘mass loading’ models. In these models, at the first stage, the magnetic field
is stressed by a huge amount of mass. Therefore, magnetic energy is accumulated.
At the second stage, the mass is shifted outwards and the release of magnetic
energy could cause a highly energetic eruption. To the second class of storage and
release models belong the so-called ‘tether release’ models. In these models, the
magnetic field lines of the arcades, which arc the flux rope, reconnect. Therefore,
the magnetic tension decreases and the magnetic pressure increases this imbalance
of forces to grow in time and could cause the violent eruptions. The third class
of the storage and release models include the ‘tether straining’ models. In these
models, the magnetic field lines could no longer withstand the upward forces and
catastrophically break. Therefore, an imbalance between magnetic tension and
magnetic pressure forces appears and the eruption starts.

1.3.2 Magnetic clouds

A subset of interplanetary CMEs (ICME), with well defined signatures in the in
situ observations and with unique physical properties, are called magnetic clouds
(MCs), by Burlaga (1995). The existence of MCs was established using data from
IMP, Helios and Voyager (Burlaga et al., 1981). The essential characteristics of
MCs are: 1. a strong magnetic field, 2. a smooth rotation of the magnetic field
direction by a large angle, 3. a low proton temperature and low proton β. It is
essential that all three features are used in the identification of MCs.

Direct evidence of an association between a magnetic cloud and a coronal mass
ejection was obtained for the event which was observed by Helios 1 on 20 June
1980. On 18 June the spacecraft P78-1 observed the CME moving towards the
Helios 1. The speed of the magnetic cloud at Helios 1 is consistent in time with
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Figure 1.5: Sketch of the large-scale structure of a magnetic cloud. Source of
picture: http://solar.physics.montana.edu/lundberg/magcloud.gif.

the observed time delay between the passage of the MC through the corona and
its arrival at Helios 1 (Burlaga 1991). Statistical evidence for an association
between MCs and CMEs was also reported. However, because there are no direct
measurements of the magnetic field in CMEs available, which could be compared
with interplanetary observations, it is not clear how to determine which CMEs
will be detected in the solar wind as MCs.

Burlaga et al. (1981) investigated the large-scale structure of magnetic clouds
(Fig. 1.5). They suggested that the cross section of MCs is nearly circular or
slightly elliptical. Burlaga et al. (1981) and Burlaga et al. (1990) showed that
the axes of magnetic clouds are curved on a scale 0.5 AU at 1 AU. At 1 AU the
approximate radius of a MC is typically 0.1 AU (Burlaga 1995). However, it is
not clear whether a magnetic cloud is connected to the sun or not. Locally, MCs
are considered as cylindrical flux tubes. In order to study the magnetic structure
of MCs, they were considered as force-free magnetic structures (Burlaga 1995).

1.4 Goals of the present thesis

• Study the dynamics of the charged particle moving in the magnetospheres
of rotating astrophysical objects.

• Study of the process of the rotating star’s rotational energy into the
magnetosphere plasma.
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• Analytical investigation of the MC’s structure and their interaction with
ambient solar wind.

• Numerical study of the dynamics of the MCs moving in the ambient solar
wind.

1.5 Outline

The subject of this PhD thesis research include the investigation of plasma
dynamical processes in the stellar outflows. The present thesis consists of two
parts. In part I (consisting of chapters 2 and 3), dynamical processes in the
magnetospheres of rotating, magnetized stellar objects are investigated, while
part II (consisting of chapters 4 and 5) focuses on dynamical processes in the
solar wind.

Since various stellar winds are characterized by the existence of non-thermal, highly
accelerated charged particles, e.g. relativistic electrons in pulsar magnetospheres
and solar energetic particles, it is interesting to study the dynamics of such single,
charged particles in the magnetospheres of stellar objects. In Chapter 2, the motion
of a relativistic, single, charged particle in the magnetospheres of magnetized,
rotating stellar objects is investigated. The influence of both the centrifugal and
radiation forces on the particle dynamics is investigated.

An important energy source for the energetic emission occurring in astrophysical
objects (e.g. pulsars) is the rotational energy of the magnetized central object. In
Chapter 3, we study the process of transition of the pulsar’s rotational energy
into the energy of the magnetospheric plasma. In particular, we investigated the
process of wave excitement near the light cylinder. It is shown that instabilities,
exited near the light cylinder, could cause a deformation of the magnetospheric
magnetic field.

In the second part of this thesis, we investigate the dynamics of evolving magnetic
clouds. Magnetic clouds can affect the Earth’s magnetosphere and, therefore,
they play and important role in the formation of space weather. Hence, it is very
important to study the dynamics of MCs, both analytically and numerically. In
Chapter 4, we propose an analytical model describing the plasma characteristics
around MCs. Moreover, in Section 2 of Chapter 4, the evolution of self-similarly
evolving MCs is studied.

In order to check the validity of the analytical solutions obtained in Chapter 4, it
seemed worthwhile to study the evolution of MCs numerically. In Chapter 5, we
introduce the analytical solutions obtained in Chapter 4 as initial conditions in two
numerical codes and studied the dynamics of these MCs by means of numerical
experiments.
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Finally, the sixth chapter (in Dutch) and the seventh chapter (in English ) contain
a summary of the work and the results obtained.



Part I

Dynamical processes in the
magnetospheres of rotating

astrophysical objects

11
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In this first part of the thesis, we investigate the dynamics of charged particles
moving in the magnetospheres of magnetized, rotating astrophysical objects. In
particular, the plasma processes in pulsar magnetospheres are investigated.



Chapter 2

Particle acceleration in
relativistic stellar winds and
outflows of rotating
astrophysical objects

2.1 Introduction

This chapter is based on the works performed by Rogava et al. (2003) and
Dalakishvili et al. (2005). In the first section of the present chapter, the work
by Machabeli & Rogava (1994) is generalized. In particular, in the previous study
the authors considered the dynamics of a charged particle moving along a straight
magnetic field line. In this chapter, as well as in Rogava et al. (2003), we consider
the case when the shape of the particle’s trajectory is not a straight line, but
curved.

In the second section of this chapter, as well as in Dalakishvili et al. (2005), the
influence of the radiation reaction force on the dynamics of the relativistic, charged
particle is investigated . It is found that, in particular cases, the radiation reaction
force affects the particle dynamics drastically.

It is commonly believed that this kind of non thermal, ultra-high energy
emission may be produced via the comptonization (inverse-Compton-scattering) of
‘ultraviolet’ photons by relativistic electrons (Gangadhara & Lesch 1997, Rieger
& Mannheim 2000). This process, being responsible for the production of TeV

13



14 PARTICLE ACCELERATION IN RELATIVISTIC STELLAR WINDS AND OUTFLOWS OF ROTATING
ASTROPHYSICAL OBJECTS

range emission, requires the existence of relativistic, charged particles with Lorentz
factors up to γ ∼ 103 − 106. Only a few particle acceleration processes could be
so efficient. One that is often suggested is the Fermi-type II particle acceleration
process, but it would imply an existence of a seed population of “pre-accelerated”
relativistic electrons with the Lorentz factors γ ≥ 100 (see e.g. Rieger & Mannheim
2000, and references therein). The nature of this pre-acceleration remains to be
understood (Kirk et al. 1994). The interest in the stellar outflows is big, but
upgrading of highly idealized models to more realistic, astrophysically relevant
ones is still related with major theoretical and computational difficulties.

Rotating magnetospheres of compact astrophysical objects (e.g. neutron stars and
stellar mass black holes, supermassive black holes in AGNs) may significantly affect
(and often completely determine) the dynamics of particle motion (Gangadhara
1996,2004,2005, Thomas & Gangadhara 2005). If plasma is “frozen” into the
magnetic field which is rapidly rotating with field lines anchored in the central
object, then the centrifugal forces acting on the plasma particles could be quite
efficient for their acceleration (Gold 1968, Godl 1969, Blandford & Payne 1982,
Machabeli & Rogava 1994). The simple qualitative scenario of centrifugally driven
dynamics of these particles implies that they move along the prescribed trajectories
coinciding (in the rotating, non-inertial frame of reference) with rotating magnetic
field lines. This model constitutes the basis of the so-called “bead-on-the-wire”
approximation.

Blandford & Payne (1982) considered the non relativistic motion of charged
particles along rotating magnetic field lines, anchored in the accretion disk, in the
black hole accreting system. They showed that acceleration occurs if the straight
poloidal field line is inclined at an angle α ≤ αcr ≡ 600 to the equatorial plane
of the disk. Cao considered the same problem in the space-time described by the
Kerr metric (Cao 1997). This author showed that, for a rapidly rotating black
hole, the critical angle could be as large as αcr ≃ 900.

Machabeli & Rogava (1994) studied the two-dimensional, relativistic motion of a
particle along a rotating field line. In this study, the case of a straight trajectory
was considered. The model was highly idealized and purely mechanical but it had
the advantage of having exact analytic solutions. These authors found that when
the particle reaches the “light cylinder” radius Rc (the light cylinder radius is
defined as a hypothetical surface where the linear velocity of rotation equals the
speed of light, Rc ≡ c/ω, where ω is the angular velocity of rotation and c denotes
the speed of light), the particle stops and turns back. In this study it was also
shown that if the initial radial velocity of the particle υr0 ≥ c/

√
2, then the radial

acceleration is initially negative (cf. the special-relativistic effect of the “centrifugal
force reversal”, Machabeli & Rogava 1994). In other words, the motion of a particle
moving along a rotating, straight linear “pipe” is limited by Rc, and during the
course of its motion the particle may experience not only acceleration, but also
deceleration. Rieger & Mannheim (2000) considered the same problem, but took
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into account the Comptonization and relativistic Coriolis forces. They found that
the rotational energy gain of charged particles is still efficient but substantially
limited by these factors.

The main idea of the ‘pipe-bead’ (‘rotator-pipe-bead’) gedanken (see Machabeli &
Rogava 1994) experiments was to mimic the common situation in relativistic and
rotating astrophysical flows, where the plasma particles are forced to move along
the field lines of governing magnetic fields. While here relatively small length scales
(much shorter than the light cylinder radius) are considered, the shape of the field
lines can be approximated as being straight. However, on larger length scales (of
the order of the light cylinder radius) the curvature of the field lines turns out to
be important for the physics of the plasma streams, which are guided by them.
The natural question then arises: how does the motion of the bead changes when
the pipe is curved? In other words, how does the dynamics of particles, prescribed
to move along the fixed trajectories, change when the shape of these trajectories
are not straight. Obviously, this is not only a mere theoretical curiosity, but an
issue which might have a tangible practical importance.

In astrophysical situations the role of the “pipes” is played by the magnetic field
lines, and the latter are always curved. Therefore, it is clear that the study
of the motion of test particles along prescribed curved rotating trajectories is
a necessary and important step for the building of a physically meaningful model
of centrifugally driven relativistic particle dynamics for rotating magnetospheres
of pulsars.

It is the purpose of the following section to address the above stated issue.
In particular, in the next section, the special relativistic model of the motion
of centrifugally driven particles on fixed curved trajectories is developed. The
formalism is developed both for the laboratory frame (LF) and for the frame of
reference rotating with the system (rotating frame, or RF).

2.2 Centrifugally driven acceleration by a rotating
field

2.2.1 Laboratory frame treatment

The two-dimensional, centrifugally accelerated motion of a charged particle caused
by a rotating magnetic field is considered. The particle dynamics is studied in the
framework of the “bead-on-the-wire” approximation. This approach implies that
the particle (“bead”) is “frozen” to and can “slide” along the field line (“wire”).
In other words, the particle trajectory in the non-inertial frame of reference,
associated with the rotating field line (the rotating frame (RF), which is the frame
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of an observer placed in the center of rotation and rotating with a particular
angular velocity), is fully prescribed and coincides with the field line shape (for
more details see Rogava et al. 2003 and references therein). The field line itself
lays in the plane normal to the rotation axis, is anchored in the central object and
rotates with a constant angular velocity ω. The form of the magnetic field line,
φ(r), is given in polar coordinates. Originally, this function is unspecified, because
the field lines could have an arbitrary form. But later two, relatively simple, cases:
the straight line (φ(r) = φ0) and the Archimedean spiral (φ(r) = ar, a = const)
are considered.

The problem is considered in geometrical units in which G = c = 1, while the
metric signature is: (−1, 1, 1). The motion of the particle is studied in the inertial,
laboratory frame (LF) of reference with the Minkowskian spacetime:

ds2 ≡ −dτ2 = −dt2 + dr2 + r2dϕ2. (2.1)

Note that the azimuthal coordinate ϕ, as measured in the LF, is related with
the azimuthal angle φ, measured in the Rotating Frame (RF) via the obvious
expression: ϕ = φ + ωt. Correspondingly, the angular velocity of the particle,
Ω(t), as measured in the LF, is related to the central object rotation angular
velocity, ω, in the following way (Rogava et al. 2003):

Ω(t) = ω + φ′(r)vr(t), (2.2)

where φ′(r) = dφ/dr and vr(t) is the radial velocity of the particle (“bead”) in the
LF.

The particle 4-velocity normalization (gαβu
αuβ = −1) implies that its Lorentz

factor is equal to:
γ(t) = 1√

1 − r2Ω2 − v2
r

. (2.3)

Further, we define the relativistic mass of the particle M(t) ≡ m0γ(t) (here, m0
denotes the rest mass of the particle) and write expressions for the radial and
azimuthal components of the equation of motion:

d

dt
(Mvr) −MΩ2r = Fr, (2.4a)

d

dt
(MΩ) + 2M

r
Ωvr = 1

r
Fϕ, (2.4b)

where F stands for the reaction force N from the supporting field-line, which causes
the bead to move along its prescribed trajectory i.e. curved, rotating “wire”. The
reaction force N is perpendicular to the particle trajectory. The components of
this force in the LF are:

Nr = −|N| sinχ = − Φ√
1 + Φ2

|N|, (2.5a)
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Nϕ = |N| cosχ = 1√
1 + Φ2

|N|, (2.5b)

where the angle between N and the particle radius vector- χ = arctan Φ (with
Φ = rφ′)is the angle between the radius vector of the particle and the tangent to
its location on the field line.

Let us define the physical components of the particle’s relativistic momentum:

Pr(t) ≡ Mvr, (2.6a)

and
Pϕ ≡ MrΩ, (2.6b)

here, vr corresponds to the radial velocity of the particle and M(t) ≡ m0γ(t)
denotes its relativistic mass.

Then, in terms of these quantities, the two components of the relativistic equation
of motion (2.4) can be written in the following, remarkably simple way:(

dP
dt

)
r

≡ dPr

dt
− ΩPϕ = Fr, (2.7a)

and (
dP
dt

)
ϕ

≡ dPϕ

dt
+ ΩPr = Fϕ. (2.7b)

Combining these equations and taking into account expressions (2.5a-2.5b) for
F = N we can, first, derive the following equation:

Ṗr + ΦṖϕ + Ω(ΦPr − Pϕ) = 0. (2.8a)

It can then easily be calculated that:

Ω̇ = φ′υ̇ + φ′′υ2, (2.8b)

and
Ṁ = Mγ2[(Ω + rφ′′υ)rΩυ + (υ + r2φ′′Ω)υ̇]; (2.8c)

and, using these relations together with Eq. (2.6), one can derive an explicit
equation for the radial acceleration of the particle:

r̈ = rωΩ − γ2rυ(φ′ + ωυ)(Ω + rφ′′υ)
γ2∆2 , (2.9)

where
∆ ≡ [1 − ω2r2 + Φ2]1/2. (2.10)
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Equation (2.9) is of the form r̈ = G(ṙ, r), which admits full numerical solution as
a standard initial value problem, provided the initial position of the bead, r0, its
initial velocity, υ0, and the shape of the prescribed trajectory, φ(r), are specified.

Defining the spatial vector of the 2-velocity V ≡ (υ, rΩ), one can calculate the
absolute value of the reaction force |F| using the equation (Rindler 1960):

Ṁ = F · v, (2.11a)

which, in the considered case, leads to:
√
grrṀ = rω|F|. (2.11b)

After taking into account the definition of M and expression (2.6a), it is also easy
to verify that the following quantity:

Γ ≡ M(t) − ωrPϕ = m0γ(1 − r2ωΩ) = const, (2.12)

is a constant in time. This allows us to find the solutions of the problem as
functions of the specific value of this constant. In the next subsection one will see
what the physical meaning of this parameter is — it turns out to be proportional
to the proper energy of the moving bead in the RF.

One important class of the possible shape of the curved trajectory is an
Archimedean spiral, given by the formula:

φ(r) = ar, a = const. (2.13)

In this case, since φ′′ = 0, from Eq. (2.9) it is easy to see that r̈ ∼ Ω , while
Eq. (2.11) implies that |F| ∼ Ω as well. Therefore, in the case of the Archimedean
spiral trajectory, one can predict that the asymptotic behavior of the functions
Ω(t), υ(t), υ̇(t), and |F(t)| will be similar.

2.2.2 Rotating frame treatment

We have seen that the laboratory frame (LF) treatment allows us to solve the
problem and to obtain the complete information about the dynamics of the bead
motion along the fixed non-straight (curved) trajectories. However, it is quite
instructive and much more convenient to consider the same problem in the frame
of reference rotating with the pipe-bead system (i.e. rotating frame - RF). In order
to do this, we first need to switch from Eq. (2.1) to the frame, rotating with the
angular velocity ω. Employing the transformation of variables:

T = t, (2.14a)

φ̃ = φ+ ωt, (2.14b)
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one arrives to the metric:

ds2 = −(1 − ω2t2)dt2 + 2ω2dtdφ+ r2dφ2 + dr2. (2.15)

For the straight pipe (φ = φ0 = const) case, Eq. (2.15) reduces to the metric
ds2 = −(1 −ω2t2)dt2 + dr2, which is the basic metric for the Machabeli & Rogava
(1994) study. Now, for a curved pipe, defined by the function φ(r), Eq. (2.15) can
be rewritten in the following form:

ds2 = −(1 − ω2t2)dt2 + 2ω2rΦdtdr + (1 + Φ2)dr2. (2.16)

For the resulting metric tensor

∥gαβ∥ =
(

−(1 − ω2r2) ωrΦ
ωrΦ 1 + Φ2

)
, (2.17)

we find:
∆ ≡ [−det(gαβ)]1/2 = (1 − ω2r2 + Φ2)1/2, (2.18)

and, apparently this is the same function ∆, defined previously by Eq. (2.10).

For this relatively simple, but non-diagonal, two-dimensional space-time one can
develop the “1 + 1” formalism. In doing so we can follow, as a blueprint, the
well-known “3 + 1” formalism, widely used in the physics of black holes (Thorne
& MacDonald 1982, MacDonald & Thorne 1982, Thorne et al. 1986). Namely, we
first introduce the definitions of the lapse function:

α ≡ ∆
grr

=
√

1 − ω2r2 + Φ2

1 + Φ2 , (2.19)

and the one-dimensional vector −→ν with its only component:

νr ≡ gtr

grr
= ωrΦ

1 + Φ2 . (2.20)

Within this formalism Eq. (2.16) can be presented in the following way:

ds2 = −α2dt2 + grr(dr + νrdt)2. (2.21)

Note that for the metric tensor, Eq. (2.17), t is the cyclic coordinate and, moreover,
in the RF the motion of the bead inside the pipe is geodesic, i.e. there are no
external forces acting on it. Hence the proper energy of the bead, E, must be a
conserved quantity. Employing the definition of the four velocity Uα ≡ dxα/dτ
one can write:

E ≡ −Ut = −U t[gtt + gtrυ] = const. (2.22)
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On the other hand, the basic four-velocity normalization condition gαβU
αUβ = −1

requires:
U t = [−gtt − 2gtrυ − grrυ

2]−1/2. (2.23a)

This equation, written explicitly, has the following form:

U t = [1 − ω2r2 − 2ωrΦυ − (1 + Φ2)υ2]−1/2. (2.23b)

Recalling the expression (2.2) for the angular velocity of the bead Ω(t), measured
in the LF, and the definition (2.3) of the Lorentz factor γ(t) in the same frame of
reference, one can easily see that:

U t = [1 − r2Ω2 − υ2]−1/2 = γ(t). (2.23c)

It is important to note that the conserved proper energy of the bead, E, defined
by Eq. (2.22), may be written in terms of the Ω(t) and γ(t) functions simply as:

E = γ(t)[1 − r(t)2ωΩ(t)] = const. (2.24)

Taking the time derivative of this relation and rearranging the terms, one will
finally arrive at exactly the same Eq. (2.9) for the radial acceleration of the bead
r̈ as in the LF treatment. Note also that Γ = m0E.

But the convenience of the RF treatment goes much further. From Eq. (2.22)
and Eq. (2.23a) one can derive the following explicit quadratic equation for the
velocity:

(g2
tr + E2grr)υ2 + 2gtr(gtt + E2)υ + gtt(gtt + E2) = 0, (2.25)

with the obvious solution:

υ = ṙ =
√
gtt + E2

gg2
tr + E2grr

[
−gtr

√
gtt + E2 ± E∆

]
. (2.26)

The “1+1” formalism enables to write equivalents of the same equations in a more
elegant form. Namely, if one defines the radial velocity as

V r ≡ 1
α

(υ + νr), (2.27)

and the corresponding Lorentz factor as:

γ̃ ≡ (1 − V 2)−1/2, (2.28)

then, instead of Eq. (2.23c), one will have:

U t = γ̃/α, (2.29)
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while from Eq. (2.22) one obtains:

E = γ̃[α− (−→ν · −→
V )]. (2.30)

Instead of Eq. (2.25) one will have V 2 = grrV
rV r = VrV

r, ν2 = grrν
rνr = νrν

r:

(ν2 + E2)V 2 − 2α(−→ν · −→
V ) + (α2 − E2) = 0, (2.31)

with the solution:

V r = 1
ν2 + E2

[
ανr ± E

√
E2 + ν2 − α2

grr

]
. (2.32)

Note that the RF Lorentz factor defined by Eq. (2.28) and the LF Lorentz factor,
specified by Eq. (2.3) are not equal.

Therefore, the above developed theory allows us to look for the solution of the
initial value problem for the bead moving along an arbitrarily curved pipe. The
thorough consideration of different particular cases is beyond the scope of the
present study. Instead, we will give representative solutions for one of the simplest
kinds of an Archimedean spiral defined by Eq. (2.13). The consideration of the
Archimedean spiral allows us to derive expressions which are easy to analyze.

The scheme for the complete inspection of the problem for any given initial value
problem is the following: First, one specifies the initial location of the bead (r0)
and its initial radial velocity (υ0). The values of the φ′(r0) and Φ(r0) are fixed as
soon as one specifies the form of the pipe φ(r). The initial values for the Ω(0) and
γ(0) are given by Eq. (2.2) and Eq. (2.3):

Ω0 = ω + φ′(r0)υ0, (2.33)

γ0 = [1 − r2
0Ω2

0 − υ2
0 ]−1/2, (2.34)

while the value of the bead proper energy, according to Eq. (2.24), is given as:

E = γ0[1 − r2
0ωΩ0]. (2.35)

Working with the Eq. (2.26), as a first order ordinary differential equation for
the radial position r(t) of the bead at any moment of time, one can subsequently
calculate all other physical variables. In Fig. 2.1 the set of solutions is plottet
for the case of the Archimedean spiral with a = −5 (a is the constant defined by
Eq. (2.13)) rotating with the angular velocity ω = 2 for the bead, which initially
was situated right over the pivot of the rotator (r0 = 0) and which had the initial
radial velocity υ0 = 0.1. These plots tell us that, in the limit of large distance
from the rotator, the value of the radial velocity tends to the asymptotic value:

lim
t→∞

υ(t) = υ∞ ≡ −ω/a, (2.36)
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Figure 2.1: Graphs for the radial distance r(t), velocity υ(t), acceleration a(t), the
Lorentz factor γ(t), angular velocity Ω(t) and the absolute value of the reaction
force |F (t)| for the rotationally (ω = 2) driven bead, moving on the Archimedean
spiral with a = −ω/

√
0.99. r0 = 0, υ0 = 0.1.

which, in this case, is equal to υ∞ = 0.4.

The angular velocity of the bead in the LF tends to zero, as well as the absolute
value of the pipe reaction force, implying that at infinity the bead asymptotically
reaches the limit of the force-free motion. This limit is understandable also
analytically, because from Eq. (2.2) and Eq. (2.26) one can see that:

υ → ω

|a|
+ E

√
a2 − ω2

ωa2r2 , (2.37)

and
Ω → E

√
a2 − ω2

ωar2 . (2.38)

From these expressions it is clear that this regime is accessible if the condition
|a| > ω holds! Otherwise, the particle is not able to reach infinity. Since the
shape of the function r(t) is almost linear it is instructive to make plots for the
functions υ(r) for different values of the initial radial velocity υ0, but with all other
parameters of the initial value problem being the same. In Fig. 2.2 these functions
are plotted for eight different values of the initial radial velocity. One can see
that, when υ0 = υ∞, the movement of the particle is force-free (geodesic) and
uniform during the whole course of the motion. Physically this means that, for
this particular value of the υ0, the shape of the pipe follows the geodesic trajectory
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of the bead, in the RF, for the metric (2.15) on the rotating 2-D disk, so the bead
moves freely, without interacting with the walls of the pipe. When υ0 < υ∞,
the particle moves with a positive acceleration and asymptotically reaches the
force-free regime at infinity. While, when υ0 > υ∞ the character of the motion
is decelerative, but the force-free limit is reached, again, when the bead heads to
infinity. One more example of the latter behavior, similar to the case shown in
Fig. 2.1, but plotted for the initial velocity υ0 = 0.5 > υ∞ = 0.4 is given in Fig. 2.3.
Here one can see that, unlike the case given in Fig. 2.1, the acceleration of the
bead is negative all the time and it reaches zero “from below”, taking less and less
negative values. While the angular velocity of the bead relative to the LF Ω(t) is
also negative from the beginning but its absolute value decreases and reaches zero
as the particle tends to infinity.
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Figure 2.2: Graphs for the radial velocity υ(r), when the initial value of υ(r) is
taken to be: 0.01, 0.1, 0.3, 0.4, 0.5 (force-free value), 0.7, 0.9, 0.99. ω = 0.1,
a = −0.2.
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Figure 2.3: Graphs for the radial distance r(t), velocity υ(t), acceleration a(t), the
Lorentz factor γ(t), angular velocity Ω(t) and the absolute value of the reaction
force |F (t)| for the rotationally (ω = 2) driven bead, moving on the Archimedes
spiral with a = −ω/

√
0.99. r0 = 0, υ0 = 0.5.
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2.3 The role of radiation reaction forces in the
dynamics of centrifugally accelerated particles

It is well known that accelerated charged particles emit electromagnetic radiation
and secondary emissions. Due to this emission, the particles lose their mechanical
energy. In other words, the particles experience a reaction force from the radiation.
Previous studies, done in the framework of the “bead-on-the-wire” approximation,
were focused on centrifugal effects per se, while the role of the radiation reaction
(RR) forces, acting on accelerated, charged particles, have never been considered.
In this section it is argued that it is quite important to shed some light on this issue
and check whether self-exerted RR forces can strongly influence the efficiency of
the centrifugal acceleration or not. Therefore, in this section the following problem
is addressed: consider the motion of a charged particle along a rapidly rotating,
curvilinear field line, being, at the same time, the prescribed trajectory of the
particle in the rotating, non-inertial frame of reference.

When one needs to consider the RR force, one has to bear in mind that in the
literature there is no general agreement about the correct formula for this force.
In particular, the famous expression given by Lorentz, Abraham and Dirac (LAD),
(see Eq.240a) is characterized by serious qualitative ambiguity: it leads to so called
runaway solutions i.e solutions where the mechanical energy object increases in
time. Besides, the equation of motion derived in the framework of the LAD model
is a third-order differential equation in time. Therefore, the initial value problem
is not uniquely determined by the values of initial position and initial velocity of
the particle. Finally, from the heuristic point of view, the RR force has to vanish
when the “inducing” force disappears. But this principle is not reflected in the
Lorentz-Abraham-Dirac expression.

However, the general LAD expression has an approximate limit: the case, when
runaway solutions are absent. Rohrlich (2001) argued that the exact formula for
the RR force, derived by Spohn (2000), could be safely used for description of the
radiation reaction in most problems of interest. This expression coincides with
the approximate LAD one given by Landau and Lifshitz (the LL-expression) in
Landau & Lifshitz (1965) (see also Berezhiani et al. 2004) for the case when in the
particle’s proper frame of reference the RR force is less than the external force. In
the present study the Landau-Lifshitz-Rohrlich, (LLR) (see Eq.2.40b) model for
the RR force is used. In difference from LL expression LLR model does not lead
to the run-away solutions.

In the case when radiation is taken into account F, introduced in Eq. (2.4) and
Eq. (2.7) stands for the total force acting on the moving particle, being the sum of
the reaction force, N, from the supporting field-line and the self-exerted RR force
Frad, i.e.:

F = N + Frad. (2.39)
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Components of N are given by Eq. (2.5),

As it was mentioned above there exists general-Landau-Abraham-Dirac (LAD)
expression for RR force:

Fµ
rad = 2e2

3

(
d2uµ

dτ2 + uµuα

)
d2uα

dτ2 . (2.40a)

In our study for the RR force, Frad, is adopted the Rohrlich’s expression (Rohrlich
2001):

Fµ
rad = 2e2

3m0
(ηµα + uµuα)

dF(ext)α

dτ
. (2.40b)

Here, e denotes the particle charge, m0 is its rest mass, τ is the proper time, uα

denotes the four velocity and the Fext is the external force acting on the particle.
In the present case, the latter force is the above-specified reaction force, N, caused
by the interaction between the particle and the guiding field line.

Based on the designed physical model one can derive a second-order differential
equation for the radial variable, viz.

d2r

dt2
= Acf +Arad, (2.41)

where
Acf =

rΩ
(
ω − r2ωΩ2 − 2υ2

rω − υrφ
′)

1 − r2ω2 + r2φ′2 , (2.42)

and
Arad = βNΨ

m0
√

Φ̃ (1 − r2ω2 + r2φ′2)
, (2.43)

where β = 2e2/3m0, Φ̃ = 1 + r2φ′2, and

Ψ ≡ A
(
υr + r2φ′Ω

)
− ΩΦ̃ + υrφ

′

γ2 , (2.44)

A ≡ −Ω
(
2υr + r2Ωφ′) . (2.45)

The auxiliary first-order differential equation for the radiation reaction force N
then becomes:

dN

dt
= γ2n1

d2r

dt2
+ m

β
υrΩγ2 (2 − 2υ2

r − r2Ω2)−Nn2 −N/(γβ), (2.46)

with
n1 = m

β
(rφ′ + rvrω)

√
Φ̃ −N(vr + r2φ′Ω), (2.47)
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and
n2 = ArΩγ2 + rυrΩ2γ2 − rΩφ′ − rυrφ

′2

Φ̃
. (2.48)

Note that in Eq. (2.41) the term Acf is the centrifugal term, while the Arad term
expresses the role of the radiation reaction.

In order to solve the initial value problem and to specify the dynamics of the
particle, one needs to know three initial parameters: the initial radial coordinate,
r0, the initial radial velocity, vr(0), and the initial value of reaction force, N0.
In common dynamic initial value problem, the initial location and velocity are
sufficient for the description of the one-dimensional mechanical system dynamics.
In our case, however, the fact that the knowledge of the initial position and velocity
is not enough for the complete posing of the initial value problem is not related
to the Rohrlich’s model (as it is the in the case of the LAD approach). This
circumstance is related to the specific nature of the considered problem, where
two different “reaction response”-forces - Frad and N - are present. Both of them
depend on the character of the particle dynamics and, therefore, one does not
know their explicit expressions in advance.

For a complete description of the particle motion one has to know the initial value
of the reaction force N0, that is, one has to know how the reaction force appears.
In other words, one should know what was the radiation at the beginning of the
motion. It is convenient to express the initial value of the force in the following
way:

N0 = N1 + Ñ (2.49)

N1 = m
√

Φ̃γ3Θ, (2.50a)

Θ ≡ r(φ′ + υrω)Acf + υrΩ(2 − 2υ2
r − r2Ω2). (2.50b)

Here, N1 is the reaction force which appears if initially there is no radiation, while
Ñ is related to the presumable presence of the radiation reaction at the beginning
of the motion. It is reasonable to surmise that, initially, there is no radiation
reaction, i.e. the Ñ = 0. This assumption implies that the N1 appears solely due
to the presence of the rotation, while the radiation reaction appears only “later”
when the particle is set in motion.

Analysis of the Eqs. (2.41-2.45) shows that, generally, the dynamics of a particle
in the case when the RR force is considered is quite different from the dynamics
of a particle in the case when the RR force is neglected. For instance, the radial
acceleration of a particle in the case when RR force is not taken into account
(β = 0), moving along the straight line (φ′ = 0), is already negative at t = 0 if
its initial radial velocity υr0 ≥ υcr =

√
2/2. For a charged particle, when the RR

force is present, one can easily see that the initial acceleration of the particle can
be negative even in the case when initial radial velocity υr0 < υcr. For example,
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Figure 2.4: Dependence of the particle initial radial acceleration on initial radial
velocity. The solid line is for the case when the initial radial coordinate r01 = 0.1,
the dashed line corresponds to the case when r02 = 0.4, while the dotted line –
r03 = 0.7. Values of β are: a) β = 0, b) β = 0.1. These figures correspond to the
case of a straight line.

after substituting in Eq. (2.41-2.45) φ′ = 0 and r0 = 0 one can see that the radial
acceleration d2r/dt2 is negative for arbitrary υr0 > 0 values of the initial velocity.

The numerical solution of Eqs. (2.42-2.45) also shows that in the case of straight
trajectories upon increasing the particle charge, the value of the initial radial
velocity for which the initial radial acceleration is negative, decreases (see Fig. 2.4a-
b).

The numerical solution of differential equations Eq. (2.39) and Eq. (2.44), for initial
conditions specified by Eq. (2.47) and Eq. (2.48), assuming that Ñ = 0, shows that
the RR force could play a significant role in the dynamics of the charged particle.
From earlier studies it is known (Machabeli & Rogava 1994) that centrifugally
accelerated particles, in the case when RR force is neglected, moving along straight,
prescribed trajectories, always reach the light cylinder. On the contrary, it turns
out that charged particles, thanks to the action of the RR forces, have a chance
to change drastically the character of their motion and even “fall” on the center.
Representative example of this regime is illustrated by the results obtained through
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Figure 2.5: (a) The dotted line shows the dependence of the particle radial distance
on time (case when RR force is not taken into account). The solid line indicates the
case when dependence of the charged particle radial coordinate on time (RR force
is taken into account). The particle which is not affected by RR force reaches the
light cylinder. The charged particle influenced by RR force “falls” on the center.
(b) Dependence of the particle radial velocity on time. The dotted line refers to
the the case when RR force is not taken into account and the solid line refers to
the case when RR force affects particle dynamics. (c) Dependence of the charged
particle Lorentz Factor on time. In all these cases: m = 1, ω = 1, β ≈ 1, Ñ = 0,
r0 = 0.1, υr0 = 0.3, φ′ = 0.

numerical solution of the equations and shown on Fig. 2.5a-c.

Another interesting qualitative novelty, related with the presence of RR forces is
the existence of stable equilibria for charged particles. Substituting in Eq. (2.39)
and in Eq. (2.44) vr = 0, dvr/dt = 0 and dN/dt = 0 is found that:

ωβφ′ = r
(
1 − r2ω2)3/2

, (2.51)

and:

Nst =
mrω(1 − r2ω2)

√
(1 + r2φ′2)

β(1 − r2ω2 + r2φ2)
. (2.52)
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Besides, one can see that the particle is in equilibrium when r = 0, and N = 0.
This set of parameters corresponds to the unstable equilibrium.

Combining Eq. (2.51) with Eq. (2.52) and substituting υr = 0 in Eq. (2.43) one
gets:

Nst = m0γ
3rφ′

√
Φ̃Acf . (2.53)

The equation (2.51) leads to a cubic equation with respect to r2. Using the
standard Cardan formula one can find that it has only one real root which is
positive and could be expressed in the following way:

rst = 1
ω

√
R1 +R2 + 1, (2.54)

where:
R1 = (−q/2 +

√
q2/4 + q3/27)1/3, (2.55)

R2 = (−q/2 −
√
q2/4 + q3/27)1/3, (2.56)

with q = (βφ′)2

On Fig. 2.6(a) the dependence of the particle radial coordinate on time (solid line
refers to the the case when the RR force is taken into account, while dotted line
refers to the case when RR force is neglected) is shown. One can see that in the
case when the RR force is not taken into account, the particle reaches r = Rc while
the charged particle stops at r = rst < Rc. On Fig. 2.3b the dependence of the
ratio rst/Rc on the parameter βφ′ is plotted. It shows that increasing the value
of the βφ′ in the interval 0 < βφ′ < 30 causes sharp decrease of rst/Rc from 1 to
0.1. With further increase of βφ′ the value of rst/Rc does not change significantly
and remains of the same order.

In the limit of the straight field line (φ′ → 0) one gets: rst → Rc and Nst →
(m0/β)rω. If one further substitutes in Eq. (2.51) the φ′ = 0 (straight trajectory)
and β = 0 (RR force is negligible) the result rst = Rc comes out, while in Eq. (2.52)
a singularity appears. The result rst = Rc means that the azimuthal velocity of
the particle at the position of stable equilibrium is equal to the speed of light. The
conditions (2.51-2.52) were obtained under the assumption that φ′ ̸= 0 and β ̸= 0,
so in order to avoid the above-mentioned singularity one has to consider the cases
of straight trajectory and neglected RR force substituting the values φ′ = 0 and
β = 0 in Eqs. (2.41-2.48). Obviously, from the physical point of view, it seems
self-evident that for the case of when RR force is not taken into account, a particle
moving along a straight, rotating field line the only possible equilibrium could be
the trivial one, with r = 0 and N = 0.

It is interesting to investigate the particle asymptotic dynamics. From equations
(2.41-2.50) is found that:

lim
r→∞

dυr

dt
=
rΩ
(
ω − r2ωΩ2 − 2υ2

rω − υrφ
′)

(1 − r2ω2 + r2φ′2)
, (2.57)
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Figure 2.6: (a) Dependence of the particle radial distance on time. Dotted line
corresponds to the case when RR force is neglected and solid line refers to the case
when charged particle is influenced by RR force. Charged particle affected by RR
force stops at r = rst, while particle not influenced by RR force reaches the light
cylinder. The values of parameters are: m = 1, ω = 1, β = 0.5, Ñ = 0, r0 = 0,
υr0 = 0.01, φ′ = 2. (b) Dependence of the ratio rst/Rc on the parameter x = βφ′.

lim
r→∞

dN

dt
= − N

γβ
, (2.58)

and it turns out that in the asymptotic case υr → −ω/φ′ (see Fig. 2.7a-b) andN →
N ′ exp(−t/γβ). Therefore, when the particle goes to infinity, |N | exponentially
decreases (see Fig. 2.7c) and the motion of the particle gradually becomes force-
free. From Fig. 2.7a-b it turns out that at infinity the dynamics of the particle
influenced by RR force asymptotically becomes identical to the dynamics of the
the particle which is not affected by RR force.

Generally speaking, in the course of the motion the role of the radiation reaction
gradually decreases. If the particle moves in the positive direction and “approaches”
infinity the RR force becomes asymptotically negligible. If the force was initially
dynamically important and forced the particle to move towards the center, then
closer to the center the RR force again decreases. Therefore, in all considered cases
the general tendency is the same: particle “tries” to decrease and thus minimize
the influence of the radiation reaction upon its motion.
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Figure 2.7: (a)Dependence of the particle radial distance on time. (b)Dependence
of the particle radial velocity on time. On both (a) and (b) figures dotted lines
represent the the case when the RR force is neglected while the solid lines – the
case when RR force is taken into account. (c) Dependence of the reaction force N ,
acting on the charged particle, on time. The values of parameters here are: m = 1,
ω = 1, β = 0.5, Ñ = 0, r0 = 0, υr0 = 0.01, φ′ = −2.

2.4 From mechanical to realistic model

The model described above is purely mechanical, it is worthwhile to shift from
the idealized, mechanical model to the realistic model. In the study above, it was
assumed that the particle moves along the fixed trajectory, which rotates with
the constant angular velocity. It was assumed that particle trajectory coincides
with the shape of the magnetic field line and particle is kept on its trajectory
by the reaction force acting from the supporting field line. The above mentioned
assumptions could be valid inside the light cylinder, on the one hand no wire could
remain rigid outside the light cylinder on the other hand outside the light cylinder
one could not define the field line (equation of field line does not have covariant
form therefore it is not valid in the relativistic cases). In the relativistic cases one
could interpret mechanical model in the following way: charged particle moving
in the magnetosphere of the star is affected by electromagnetic forces, this forces
determine the dynamics and therefore the trajectory of the particle. Actually in
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the mechanical electromagnetic forces are substituted by reaction force N and it is
assumed that particle’s trajectory (which is not material) remains rotating rigidly.

In order to study the dynamics of the charged particle moving in the magneto-
sphere of the rotating stellar object let us writ equation of motion with taking into
account the electromagnetic forces:

dP
dt

= e (E + V × B) , (2.59)

Here P is momentum of the particle -P = m0Vγ with γ = 1/
√

(1 − V 2),
V is particle velocity, E and B are electric and magnetic fields of the
magnetosphere. For the electromagnetic field of the magnetosphere one could
consider electromagnetic field of the rotating star described by Deutsch (1955).
The solutions obtained in the Deutsch (1955, far from the light cylinder look as
following:

Br = ω

c
F (b) 1

r2 sinψ sin θ sin
[
ω
(r
c

− t
)

+ φ
]
, (2.60a)

Bθ = ω2

2c2F (b)1
r

sinψ cos θ cos
[
ω
(r
c

− t
)

+ φ
]
, (2.60b)

Bφ = − ω2

2c2F (b)1
r

sinψ sin
[
ω
(r
c

− t
)

+ φ
]
, (2.60c)

Er = 0, (2.60d)

Eθ = −ω2

2c
F (b)1

r
sinψ sin

[
ω
(r
c

− t
)

+ φ
]
, (2.60e)

Eφ = −ω2

2c
F (b)1

r
sinψ cos θ cos

[
ω
(r
c

− t
)

+ φ
]
. (2.60f)

Equations (2.60a-f) are given in spherical coordinate system. The center of this
system coincides with the center of rotating central object and its polar axe
coincides with the axe of rotation. In these equations b is radius of the star,
F (b) is a function of b, ω is angular velocity of star rotation, ψ is angel between
rotational axe and star‘s magnetic axe and c is speed of light.

Since the Lorentz force acting on the particle is perpendicular to the particle‘s
velocity, these force could not lead to the increase of the particle energy, only
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electric field could cause particle energy increase. From Eq. (2.60e) and Eq. (2.60d)
one could see that the average (in time) value of components of electric field is
zero. The case when the electric field given by Eqs. (2.60d-f) could accelerate the
particle is the case when particle experiences field always with same phase. One
could conclude that the field could accelerate the particle which trajectory satisfy
the following condition:

ω
(r
c

− t
)

+ φ = const. (2.61)

One could see that Eq. 2.61 describes Archimedean spiral which rotates with
angular velocity equals to ω. Deutsch (1955) describes the electromagnetic field
of rotating stellar object in vacuum, for more realistic study of the problem one
could take into account existence of plasma in the star magnetosphere.

2.5 Conclusion

The purpose of the second chapter was to study the dynamics of relativistic
rotating particles with prescribed, curved trajectories of motion in the rotating
frame of reference. The work is a natural generalization of the gedanken “pipe-
bead” experiment considered by Machabeli and Rogava (1994). In that paper,
the authors considered the case of the straight rotating pipe and they found out
that when the velocity of the bead, driven by the rotation of the whole device
and sliding along/within the pipe, is high enough the character of the motion
changes from an accelerated to a decelerated one. In particular, it was found that
when the bead starts moving from the pivot (r = 0) of the rotating pipe with
initial velocity υ0 >

√
2/2, the motion is decelerating from the very beginning. In

this chapter, the motion of rotationally driven particles along flat trajectories of
curved shape has been considered. The practical motivation for this approach and
its importance are related to the following two facts: 1. The “pipe-bead” (or the
“bead-on-the-wire”) gedanken experiment is considered as a model for the study of
dynamics of centrifugally driven relativistic particles in rotating magnetospheres,
in various classes of astrophysical objects, like pulsars (Machabeli & Rogava 1994,
Gold 1968, 1969, Contopoulos et al. 1999) and AGNs (Blandford & Payne 1982,
Cao 1997, Gangadhara & Lesch 1997, Rieger & Mannheim 2000). The role of
“pipes” is played by the magnetic field lines. 2. The shape of magnetic field lines
is always curved. It implies that for the large-scale, global dynamics of charged
particles driven by centrifugal forces and moving along curved field lines of rotating
magnetospheres. It is important to know which qualitative changes occur when
the form of the field lines is not linear but curved. In the presents chapter this
problem was studied, on the level of the idealized gedanken experiment, both in
the laboratory (LF) and in the rotating (RF) frames of reference. For the simple
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example of the Archimedean spiral was found that the dynamics of such particles
may involve both accelerative and decelerative modes of motion.

The principal aim of the third section of this chapter was to understand the
role of radiation reaction forces (RR forces) upon the dynamics of centrifugally
accelerated charged particles. Was used Spohn-Rohrlich’s “corrected” model
(Rohrlich 2001, Spohn 2000) for the RR force. It was found that, for certain
sets of initial conditions, the role of the RR force in the dynamics of the charged
particle can be quite drastic.

We described the limits of the purely mechanical model, and proposed an
interpretation of the mechanical model which could be valid also outside the light
cylinder. We also proposed a more realistic model which could be used to describe
the dynamics of the charged particles in the magnetospheres of rotating stellar
objects.

We hope that this study will bring us to the construction of a unified theory of
pulsar magnetospheres, where the inertial aspects of the particle dynamics would
be taken into due account. One could then try to test the theory with the existing
empirical (observational) data about the energy deposited by pulsars into their
winds and the energy they lose via their radio emission. This way one could have
a clue as of how important inertial processes (often unfairly neglected) are in the
dynamics of pulsars.



Chapter 3

On the reconstruction of
magnetospheres of pulsars
nearby the light cylinder
surface

While in the previous chapter we investigated the dynamics of a single charged
particle, in the present chapter we study plasma processes in the magnetospheres
of rotating astrophysical objects. In particular, we investigate the influence of
the rotation of the central object on the plasma dynamics and structure of its
magnetosphere.

3.1 Introduction

This chapter is based on the work by Osmanov et al. (2008). The mechanism
of the pumping of a star’s rotational energy into the magnetosphere plasma is
considered. It is found that, for particular choices of the parameter values, the
rotational energy of the central star could be efficiently transferred into the stellar
magnetosphere plasma energy.

The magnetosphere plasma interacts with the rotating magnetospheric magnetic
field. This interaction is significant near the light cylinder surface surface (LCS)
(a hypothetical surface, where the linear velocity of rotation equals the speed of
light). It is interesting to investigate how the plasma could affect the magnetic
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field configuration near the LCS. For this purpose, we study the instabilities that
could explain the appearance of the toroidal component of the magnetic field near
the light cylinder surface.

This work is closely related to the pulsar wind problem. Studying the magnetic
field of the Crab nebula, Piddington (1957) was the first author who has suggested
the presence of a central object in the nebula, with a frozen magnetic field inside. It
has been supposed that the rotation of the central body provokes the generation of
the toroidal component of the magnetic field. Further investigations have shown
that this kind of magnetic field characterizes magnetized stellar winds (Weber
& Davis 1967). These results have been generalized to relativistic flows in a
region close to the LCS: (Michel 1969; Kennel et al. 1983, Kennel & Coroniti
1984, Begelman & Li 1992). Despite the success of these developed models, they
encounter a number of difficulties when one attempts to extrapolate the wind
back to the source — the pulsar magnetosphere. For large distances, the wind is
specified by the approximation: σ ≡ B2/(4πmc2nγ) ≪ 1, where B denotes the
magnetic field induction, m and ne the electron mass and density, respectively,
and γ the Lorentz factor of the relativistic electrons. In this case, a change of the
magnetic field configuration is defined only by plasma motion. This circumstance
facilitates the possibility of an analytical treatment of the plasma dynamics. In
the pulsar magnetospheres, the situation is opposite, the energy density of the
magnetic field exceeds by many orders of magnitude the energy density of the
plasma σ ≫ 1. Therefore, a consideration of this specific case is essential. Close
to the light cylinder area the magnetic field drags behind itself the rotating electron-
positron plasma and the question which arises is: how can the magnetosphere be
reconstructed nearby the LCS? It is obvious that close to this region, rigid rotation
is impossible and consequently the magnetic field lines must be deformed, lagging
behind the rotation of the pulsar. Implementing special MHD codes in a series of
studies (Michel & Krause-Polstorff 1984, Krause-Polstorff & Michel 1985, Smith
et al. 2001), pulsar wind physics has been studied numerically and improved by
Spitkovski & Arons (2002) and Spitkovski (2003) where the 3D plasma dynamics
was presented and where it has been shown that the flow goes through the LCS into
the wind zone. In these papers, the principal assumption is the current generated
by the electric drift: VE = cE × B/B2 (Blandford 2002). Obviously, for a plasma
composed of equal numbers of positive and negative charges, the current is not
generated (the electric drift does not ”feel” charges), although for the pulsar plasma
a primary electron beam is composed of only electrons and, therefore, the electric
drift generates the current, leading to the creation of electromagnetic fields.

In Rogava et al. (2003), a particle moving along a curved rotating channel has been
considered and it was shown that for a certain shape of the trajectories one may
avoid the light cylinder problem. Therefore, one has to understand the process
responsible for the twisting of the field lines when the condition σ ≫ 1 is satisfied.

According to observations it is clear that the energy of emission is very high. The
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observed pulsar luminosity lies in the range: [1031 − 1038]erg/s (Tores & Nuza
2002). On the other hand, the only source of pulsar radiation can be rotational
energy IΩ2/2, where I is the moment of inertia of the pulsar, and Ω denotes the
angular velocity of rotation. Observations show the spin down luminosity is of the
same order of magnitude as the radiation luminosity. Therefore, it is reasonable to
suppose that all pulsars emit due to the rotation energy decrease (Sturrock 1970).
The problem thus concerns the question: how is the rotation energy transformed
into pulsar radiation? According to the standard models, due to an electric field,
the charged particles uproot from the surface of the neutron star and accelerate
by the electric force, which results in the radiation process. The origin of this
emission is supposed to lie in the magnetospheres of the pulsars. These models
introduce a vacuum gap, inside of which the particles experience a strong electric
field and accelerate. However, a problem arises concerning the gap size which
turns out to be not sufficiently large for the observed energy gain of the charged
particles (Ruderman & Sutherland 1975).

In order to resolve this problem and to enlarge the gap size (which will provide an
increase of the acceleration length scale) many attempts have been made, applying
different approaches: Arons & Sharleman (1979), Muslimov & Tsygan (1992),
Ruderman & Sutherland (1975). However, none of these approaches succeeded
to make the acceleration efficient enough for producing the observed radiation
(Shabad & Usov 1985).

In the new process of acceleration that has been introduced by Machabeli &
Rogava (1994), a bead moving inside a straight rigidly rotating pipe has been
studied. These authors showed that the centrifugal force can be very efficient
and if one applies this method to the pulsar magnetospheres, it provides high
Lorentz factors for the particles. Therefore, the amount of energy contained within
the e+e− plasma is very high. It is reasonable to study the possible processes
for the conversion of at least a small fraction of this energy into the variety
of waves or instabilities present in these plasmas. Machabeli & Rogava (1994)
found out that the radial component of the velocity behaves, for the relativistic
particles, in time as c cos(Ωt) (c is the speed of light), which enables parametric
energy pumping from the mean flow into instabilities (Machabeli et al. 2005). In
Machabeli et al. (2005), the e+e− plasma has been studied and the increment of
the instability of the Langmuir waves was estimated. It has been demonstrated
that the centrifugal acceleration might have been efficient enough for the observed
spin down luminosity. It was shown that the linear stage was so efficient that it
was very short in time, and nonlinearities were turned on soon. This mechanism
is called ”parametric”, because the effect is provoked by the relativistic centrifugal
force which, playing the role of a parameter, changes in time due to the motion of
particles along rotating quasi-straight magnetic field lines, and thus induces the
instability. This effect is essential because it provides the possibility of pumping
rotation energy into the one of plasma instabilities, leading to the generation of
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Figure 3.1: The one-dimensional distribution of particles in the magnetosphere.
f+ corresponds to the positron distribution, f− to the electron one.

the toroidal magnetic field.

In the present chapter, the previous work (Machabeli et al. 2005) is extended
and the parametric mechanism of the curvature drift instability, driven by the
centrifugal acceleration, is investigated. A two-component plasma is considered:
a) the basic plasma flow (bulk flow) with the concentration npl and the Lorentz
factor γpl and b) the beam component with the concentration nb and the Lorentz
factor γb (see Fig.3.1). It is known that in the pulsar magnetosphere the
curvature drift velocity is important for the plasma dynamics. This velocity
may influence processes in plasmas and especially may affect the evolution of the
instabilities. Unlike Spitkovsky & Arons (2002) and Spitkovsky (2004), where the
plasma processes are considered nearby the pulsar surface, in the present chapter
instabilities are investigated close to the light cylinder area, where the effects of
centrifugal acceleration should be extremely efficient. In Spitkovsky (2004), it
has been noted that the structure of pulsar magnetospheres can not be solved
analytically, whereas in the present study, it is shown that the initial stage of the
reconstruction process of magnetospheres can be considered analytically, starting
by appropriate initial conditions. Another difference between this work and that of
Spitkovsky (2004) is that in the present model a plasma, which is bound by rigidly
rotating straight magnetic field, is investigated and, hence, the force free condition
applied in Spitkovsky & Arons (2002) and Spitkovsky (2004) is not valid, because,
as it is shown in Machabeli et al. (2000), the force free condition can be provided
only if the magnetic field has a configuration similar to the one of the differentially
rotating Couette flow. The principally different assumption in the present chapter
is that, instead of considering the electric drift, the curvature drift is studied,
investigating the possibility of the generation of the toroidal component Br, which
is a key step in understanding the reconstruction of the pulsar magnetosphere
nearby the LCS.



40 ON THE RECONSTRUCTION OF MAGNETOSPHERES OF PULSARS NEARBY THE LIGHT CYLINDER
SURFACE

 e
r

 e
φ

Magnetic field line

Light cylinder
 e

x

O

C

Figure 3.2: Here the geometry is shown in which the system of equations is
considered. By eϕ, er and ex unit vectors are denoted, note that ex ⊥ er,ϕ.
C is the curvature center.

3.2 Theory

In Arons & Barnard (1986) and Volokitin et al. (1985), the dispersion relations
and polarization characteristics in relativistic electron-positron plasma flows are
derived for the normal modes of radiation in strong magnetic fields. Based on
these results it is shown that, when the field lines are curved, special modes, viz.
curvature drift waves (CDWs), are excited (Kazbegi et al. 1991).

For understanding the reconstruction of the magnetospheres of pulsars in the
context of the appearance of the toroidal component of magnetic field, leading to
the sweepback of magnetic field lines, the linear stage of this process is investigated,
examining the curvature drift waves (CDW). Generally speaking, the final result
of the twisting process is not oscillating, and moreover, not time dependent. But
the linear investigation based on a wavy approach for longer time scales should
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come to an end due to the non linear regime which, as one will see, will be strongly
indicated by the extremely efficient linear instability. We start the investigation
of this problem in the frame work of the linear approximation.

The problem is considered in the framework of the pulsar model developed in
Goldreich & Julian (1969) and Sturrock (1970), assuming the pulsar magneto-
sphere filled by a relativistic electron-positron pair plasma, embedded into a strong
magnetic field (σ ≫ 1). Any change of this field must yield the system of Maxwell
equations. It is important to say that a weak curvature of field lines, provoking
a drift of particles, is taken into account. The drift depends on the charge signs:
positive and negative charges move in opposite directions, which results in the
creation of a current, leading to the generation of a toroidal component of the
magnetic field. Nonlinear effects will stop the change of the current, leading
to a saturation of the corresponding toroidal component and, consequently, the
curvature will be saturated as well.

3.2.1 Original equations

Throughout this chapter it is assumed, that the magnetic field lines are almost
straight and, due to the frozen-in condition, the plasma particles follow these lines
and accelerate. The geometry in which the problem is considered is shown in
Fig. 3.2 (Lyutikov et al. 1999).

The system is governed by the Euler equation (Machabeli et al. 2005):

∂pi

∂t
+ (vi · ∇)pi = −γiα∇α+ e

m

(
E + vi × B

c

)
, (3.1)

here, i = pl, b, (”pl“ stands for plasma and ”b“ for beam) pi is the particle
momentum, vi is the particle velocity, γi denotes the particle Lorentz factor, e
and m correspond to the particle charge and mass, respectively, while E and B
are the electric and magnetic fields acting on the particle, respectively, and c
denotes the speed of light.

the continuity equation:
∂ni

∂t
+ ∇ · (nivi) = 0, (3.2)

with ni as number density, and the induction equation, which closes the system:

∇ × B = 1
c

∂E
∂t

+ 4π
c

∑
i=pl,b

Ji, (3.3)

where α ≡
√

1 − Ω2r2/c2 and Ji (i = pl, b) is the current of the plasma and beam
components.
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Our aim is to study the linear dynamics of small perturbations around a leading
state. In the zeroth-order approximation the motion of particles is defined only
by the centrifugal force. Then, taking into account the frozen-in condition E0 +
v0i × B0 = 0, Eq. (3.1) reduces to (Machabeli & Rogava 1994):

d2xϕ

dt2
= Ω2xϕ

1 − Ω2x2
ϕ

c2

[
1 −

Ω2x2
ϕ

c2 − 2
c2

(
dxϕ

dt

)2
]
, (3.4)

where xϕ denotes the coordinate along the straight field lines, and xϕ = 0
corresponds to the axis of rotation.

Solving analytically Eq. (3.4) for ultra-relativistic particles (γ ≫ 1), the velocity
along the field lines can be expressed as follows (Machabeli & Rogava 1994):

v0ϕ ≈ c cos(Ωt), (3.5)

x0ϕ ≈ c

Ω
sin(Ωt), (3.6)

for the initial conditions: x0ϕ(0) ≈ 0 and v0ϕ(0) ≈ c.

As it is clear from Eqs. (3.5) and (3.6), the particles have initially a maximum
longitudinal velocity (on the axis of rotation). In due course, it decreases and
completely vanishes on the LCS, because in this zone the linear velocity of rotation
becomes equal to the speed of light.

3.2.2 Curvature drift waves

Since curvature drift waves are investigated, it is essential to motivate the reason
why this particular kind of modes is used in the generation of a toroidal component
of the magnetic field.

Based on the results obtained in Arons & Barnard (1986) and Volokitin et al.
(1985) it was shown that the dispersion relation for CDW is following (Kazbegi et
al. 1991):

ω = kxu0x. (3.7)

where u0x corresponds to the drift velocity:

u0x =
γv2

0ϕ

ωBRB
, (3.8)

where γ denotes the Lorentz factor, ωB = eB0/(mec), and RB denotes the
curvature radius of the magnetic field lines (while e and m are the electron’s charge



THEORY 43

and mass, respectively, and B0 is the local magnetic induction in the unperturbed
state).

By applying the dispersion defined in Eq. (3.7), one can show from the Maxwell
equations that such a wave satisfies the condition:

Br = Eϕ
kc

ω
. (3.9)

If one takes into account the following definition of the curvature ρc ≡ 1/RB in
Cartesian coordinates:

ρc =

[
1 +

(
dy

dx

)2
]−3/2

d2y

dx2 , (3.10)

and makes use of ∇ · B = 0, by applying dy/dx = By/Bx one can obtain from
Eq. (3.10) an approximate expression of the curvature:

ρc = 1
r

(
1 − kϕrBr

Bϕ

)
. (3.11)

As it is clear from this formula, the curvature radius is affected by the radial
component of the magnetic field, when the CDWs are taken into account. This
wave is an almost transverse one, propagating along the x-axis (kx ≫ kϕ).
Therefore, one has two major (almost perpendicular to each other) components:
Br and Eϕ, which means that, Bϕ is much smaller than Br (Kazbegi et al. 1991).
Thus, it is clear that for CDWs, the existence of a toroidal component of the
magnetic field is crucial, being the problem considered in this study.

Generally speaking, apart from the curvature drift, one has also the electric drift,
but it can not change the configuration of magnetic field lines, in particular the
toroidal component. The electric drift is not related to the current, but to the
motion of the plasma as a whole system, independently on the charge signs and
by a clever choice of the frame of reference, the mentioned plasma motion can be
easily avoided.

3.2.3 Linear analysis

In the zeroth approximation, the particles experience only the centrifugal
force. But this force will cause charge separation leading to the generation of
electromagnetic fields, which will affect the dynamics of the plasma particles. The
aim of the presented consideration is to study also the contribution of the excited
waves and to estimate their growth rates.
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Let us start the analysis by introducing small deviations around the leading state:

Ψ ≈ Ψ0 + Ψ1, (3.12)

where Ψ = (n,v,p,E,B). If one expresses the perturbation of physical quantities
by the following:

Ψ1(t, r) ∝ Ψ1(t) exp [i (kr)] , (3.13)
then, considering only the x-components of the Euler and induction equation, it is
easy to show that for CDWs, propagating almost perpendicular to magnetic filed
lines (kϕ ≪ kx), Eqs. (3.1)-(3.3) can be reduced:

∂p1
ix

∂t
− i(kxu0x + kϕu0ϕ)p1

ix = e

c
v0ϕB

1
r , (3.14)

∂n1
i

∂t
− i(kxu0x + kϕu0ϕ)n1

i = ikxni0v
1
x, (3.15)

−ikϕcB
1
r = 4πe

∑
i=pl,b

(ni0v
1
ix + n1

i vi0x). (3.16)

In Eq. (3.14) an approximate expression of the velocity along the r-axis: v1
r ≈

cE1
x/B0ϕ was used. In order to make further mathematical transformations easier,

it is reasonable to choose p1
ix and n1

i to have the form:

v1
ix ≡ Vixeik·Ai(t), (3.17)

and
n1

i ≡ Nieik·Ai(t), (3.18)
respectively, where

Ax(t) = Uixt

2
+ Uix

4Ω
sin(2Ωt), (3.19)

and
Aϕ(t) = c

Ω
sin(Ωt), (3.20)

and
Uix = c2γi0

ωBRB
, (3.21)

then, from Eqs. (3.14) and (3.15) one obtains:

v1
ix = e

mγi0
eik·Ai(t)

∫ t

e−ik·Ai(t′)v0ϕ(t′)Br(t′)dt′, (3.22)

and

n1
i = ien0ikx

mγi0
eik·Ai(t)

∫ t

dt′
∫ t′′

e−ik·Ai(t′′)v0ϕ(t′′)Br(t′′)dt′′. (3.23)
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Substituting Eqs. (3.22) and (3.23) into Eq. (3.16), it reduces to the following
form:

−ikϕcB
1
r (t) =

∑
i=pl,b

ω2
i

γi0
eik·Ai(t)

∫ t

e−ik·Ai(t′)v0ϕ(t′)Br(t′)dt′+

i
∑

i=pl,b

ω2
i

γi0
kxu0ixeik·Ai(t)

∫ t

dt′
∫ t′′

e−ik·Ai(t′′)v0ϕ(t′′)Br(t′′)dt′′, (3.24)

where ωi =
√

4πni0e2/m denotes the plasma frequency. In order to solve this
equation, one has to take the Fourier time transform. For this reason, if one uses
the following identity:

e±ix sin Ωt =
∑

s

Js(x)e±isΩt, (3.25)

one can rewrite Eq. (3.24) in the following form:

Br(ω) = −
∑

i=pl,b

ω2
i

2γi0kϕc

∑
σ=±1

∑
s,n,l,p

Js(gi)Jn(h)Jl(gi)Jp(h)
ω + kxUix

2 + Ω(2s+ n)
×

×Br (ω + Ω (2[s− l] + n− p+ σ))

[
1 − kxUix

ω + kxUix

2 + Ω(2s+ n)

]

+
∑

i=pl,b

ω2
i kxUix

4γi0kϕc

∑
σ,µ=±1

∑
s,n,l,p

Js(gi)Jn(h)Jl(gi)Jp(h)(
ω + kxUix

2 + Ω(2[s+ µ] + n)
)2 ×

×Br (ω + Ω (2[s− l + µ] + n− p+ σ)) , (3.26)

where
gi = kxUix

4Ω
,

h = kϕc

Ω
.

3.3 Discussion and Summary

One can see from the Eq. (3.26) that the system is characterized by two different
kinds of resonance, which come from the first and second terms of the right hand
side of Eq. (3.26):

ω + kxUix

2
+ Ω(2s+ n) ≃ 0 (3.27)
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Figure 3.3: Dependence of the increment on λ nearby the LCS. The set of
parameters is P = 1s, γb ∼ 106, λϕ = 1000Rlc.

and
ω + kxUix

2
+ Ω(2[s+ µ] + n) ≃ 0, (3.28)

where
s, n = {0,±1,±2...},

and
µ = ±1.

As one will see later, the resonance frequency from the first condition [Eq. (3.27)]
does not influence the corresponding resonance from the second expression,
because if the first term is valid, the second condition is not satisfied and vice versa,
when the second resonance works, the first one is not valid. On the other hand,
when a system is characterized by a resonance, the only, physically feasible process
is defined by the resonant condition and, therefore, the sweepback of magnetic field
lines has to be examined in the context of either Eq. (3.27), or Eq. (3.28).

Since the curvature drift instability is investigated, where ω ∼ kxu0x, one can
easily see that it is possible only in the framework of Eq. (3.27). Indeed, assuming
λ ∼ 6 × 1010 − 3 × 1011cm (where λ ≈ λx is the wave length) for 1-second pulsars
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it is straightforward to check that |kxUix/2| ∼ (0.02 − 0.1)s−1, which for any non
vanishing values of s and n is much less than Ω(2s+n) (see Eq. (3.27)). Thus the
only case, which introduces the curvature drift wave is:

2s+ n = 0. (3.29)

Here, it is assumed that RB ∼ 5 × 109cm, which is a typical value for pulsar
magnetospheres (Shapakidze et al. 2003).

Unlike this case, the second resonance condition does not provide the possibility
of the generation of curvature drift modes (see Eq. (3.28)), because even for
vanishing s and n, µ is not vanishing and since |kxUix/2| ≪ Ω, the wave becomes
characterized by the following condition: ω ∼ Ωr (r = 1, 2, ...), which obviously is
not the curvature drift wave. Therefore, for studying the CDWs one has to consider
the dispersion relation near the beam resonant condition expressed by Eq. (3.27)
taking into account Eq. (3.29). Then only resonant terms will be preserved and
Eq. (3.26) will reduce to:

Br(ω0) ≈ −ω2
bkxUbx

2γb0kϕc

∑
σ=±1

∑
s,l,p

Js(gb)J−2s(h)Jl(gb)Jp(h)
∆̃2

×

×Br (ω0 + Ω (−2l − p+ σ)) , (3.30)

where

ω0 ≈ −kxUbx

2
(3.31)

and the frequency has been expressed by the form:

ω ≡ ω0 + i∆̃. (3.32)

Here ∆̃’s imaginary part ∆ ≡ Im(∆̃) is related to the increment of the instability.
Since the dominant term in Eq. (3.3) comes from low frequencies (ω0 ≪ Ω), the
only terms contributin in a time average will have p equal to −2l + σ, because
all other terms with Br(ω0 + Ωq) (q ̸= 0) give zero due to an oscillative character
with very high frequencies. Taking this condition into account, one gets:

Br(ω0) ≈ −ω2
bkxUbx

2γb0kϕc

∑
σ=±1

∑
s,l

Js(gb)J−2s(h)Jl(gb)J−2l+σ(h)
∆2 ×

×Br(ω0). (3.33)

From here one can easily express the increment by the following:
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∆ ≈
[
−ω2

bkxUbx

2γb0kϕc
Σ1(gb, h)Σ2(gb, h)

] 1
2

, (3.34)

where

Σ1(gb, h) ≡
∑

s

Js(gb)J−2s(h), (3.35)

Σ2(gb, h) ≡
∑

σ=±1

∑
l

Jl(gb)J−2l+σ(h). (3.36)

Strictly speaking Σ1 and Σ2 are functions of gb and h and one can show that these
summations are convergent (see the Appendix).

The increment versus λx (for the fixed, and very big in comparison with λx, values
of λϕ) investigated. In future studies, one has to compare these results with the
observational evidence.
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Dynamical processes in the
solar wind
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In this second part of the thesis, we study the dynamical processes in the solar
wind. In particular, we study the dynamics of magnetic clouds. We investigate
analytically as well as numerically propagation of magnetic clouds and their
interaction with ambient environments.



Chapter 4

Analytical study of dynamics of
IP magnetic clouds

The present chapter is based on the results reported by Dalakishvili et al. (2009)
and Dalakishvili et al. (2010b). In the first section of this chapter, as well as in
Dalakishvili et al. (2009), the previous study by Romashets & Poedts (2007) is
generalized in different ways. Here, first of all, a more general set of parameters is
considered. Moreover, the character of the physical variables is investigated in the
case of cylindrical as well as spherical magnetic clouds, while in the previous work
only the case of a cylindrical magnetic cloud was studied. In addition, besides
the stationary case, we present also the case of an expanding magnetic cloud. In
the second section of this chapter, the self-similar evolution of a magnetic cloud
is investigated. Explicit expressions for the physical variables are derived after
solving the full set of ideal MHD equations by using the self-similar approach.

4.1 Introduction

It is well-known that coronal mass ejections (CMEs) are one of the most significant
forms of solar activity. They carry enormous masses of plasma threaded by the
magnetic field away into the interplanetary medium. Further away from the Sun,
these large-scale, dynamical plasma structures are commonly called interplanetary
coronal mass ejections (ICMEs). Magnetic clouds (MCs) form a subset of ICMEs
(Klein & Burlaga 1982, Burlaga 1991, Farrugia et al. 1995). Spacecrafts crossing
the central parts of such MCs provide valuable information about their physical
characteristics. It turns out that MCs have a strong magnetic field, low proton
temperatures (low plasma β, compared to the ambient solar wind) and they feature
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a substantial and smooth rotation of the magnetic field vector. These three features
of MCs are selected as signatures of MCs (Nakwacki et al. 2008). The MCs are
also characterized by a coherence of the magnetic field (low level of fluctuations).
The radial dimension of a MC is typically ≈ 0.25 AU (at 1 AU).

There are various studies of MCs, particularly of their inner structure (e.g.,
Nakwacki et al. 2008), their interaction with the solar wind streams (e.g., Lepping
et al. 2008), and their expansion (e.g., Démoulin et al. 2008, and further references
therein).

There is no general agreement about the large scale structure of MCs. Commonly,
the local structure of MCs is considered in the form of cylindrically symmetric
force-free configurations (Burlaga 1988, 1991, Démoulin & Dasso 2009). It is often
suggested that the ends of MCs connect to the Sun surface while, according to
other models, MCs are described as tori (Vandas et al. 2006,2009, Romashets et
al. 2006, 2007). In a number of studies, MCs are considered as force-free, static,
axially symmetric rigid flux ropes and their magnetic field is constructed on the
basis of Lundquist’s model (Burlaga 1988, Lepping et al. 1990, Farrugia et al.
1993). Observations show, however, that MCs do not stay static but expand while
propagating in the solar wind and they keep expanding well beyond 1 AU (Burlaga
1991, Bothmer & Schwenn 1998, Demoulin 2008, Demoulin & Dasso 2009, ).

4.2 Characteristics of magnetized plasma flow around
stationary and expanding magnetic clouds

Numerical studies (De Sterk and Poedts 1999, De Sterk and Poedts 2000,
Manchester et al. 2004, Chané et al. 2006), exploring the character of magnetized
plasma flows near MCs, in which these structures are considered as perfectly
conducting structures (De Sterk and Poedts 1999, De Sterk and Poedts 2000),
as well as observational data analysis efforts (Owens et al. 2005), have revealed
that the region in front of an interplanetary MC has a rather complicated magnetic
structure and a complex plasma structure as well. In order to get more insight
into the characteristics of this region and the physical phenomena within it, and in
order to better understand the geo-effectiveness of MCs, an analytical treatment
of the magnetized plasma flow in their vicinity is beneficial.

In mathematical models of force-free magnetic flux ropes (Burlaga 1988, Lepping
et al. 1990, Vandas et al. 2006), the radial component of the magnetic field is zero
all throughout the MC including the boundary region. The boundary condition
on the MC surface (equal normal components of the magnetic field on both sides)
then naturally leads to the requirement that the ambient field must be tangential
to the surface of a MC, i.e. the same requirement that is to be satisfied for
a superconductor. Analytical expressions for the magnetic field satisfying such
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boundary conditions can be found by Vandas et al. (2003) and Romashets &
Poedts (2007). In these papers, MCs are considered as perfectly conducting
structure placed in a given ambient magnetic field and the distortion of the external
magnetic field has been calculated. First, Vandas et al. (2003) considered both
spherical and cylindrical shapes of MCs and summarized the existing quantitative
models of magnetic field behaviour around MCs. Second, by Romashets & Poedts
(2007) analytical expressions for the plasma velocity, pressure and density were
derived.

In the present chapter, a MC placed in a magnetized plasma flow with an
initially homogeneous magnetic field, is considered. It is assumed that the normal
component of the magnetic field vanishes at the boundary of the MC and that far
from the MC the magnetic field approaches its undisturbed value.

4.2.1 Physical parameters of a magnetized plasma flow around
a cylindrical magnetic cloud

In the present subsection, the considered two-dimensional distributions of the
magnetic, velocity, density and pressure fields in a plasma flow around a cylindrical
MC with radius r0, are defined. Using cylindrical coordinates, (r, φ, z), let us start
with constructing a magnetic field that is uniform far from the cylinder (i.e. for
r ≫ r0) and tangential to the cylinder surface, i.e. Br = 0 at r = r0, and that has
a vanishing z-component, i.e. Bz = 0:

Br = B0 cosφ
[
1 − rk

0
rk

]
, (4.1)

Bφ = −B0 sinφ
[
1 + (k − 1)rk

0
rk

]
, (4.2)

Bz = 0. (4.3)

In order to determine the velocity of the steady state plasma flow around the
cylindrical structure which is assumed to be a perfectly conducting body, the
frozen-in condition is used:

∇ × (V × B) = 0. (4.4a)

It is convenient to rewrite Eq. (4.4a) in the following way (see Romashets & Poedts
2007):

V × B = ∇F. (4.4b)

From Eq. (4.4b) it then follows that:
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−VzBφ = ∂F

∂r
, (4.5a)

VzBr = 1
r

∂F

∂φ
, (4.5b)

VrBφ − VφBr = ∂F

∂z
, (4.5c)

Equation (4.4b) is solved using a variable separation ansatz, i.e.:

F = R(r)Φ(φ)Z(z). (4.6)

Upon substituting this ansatz in Eqs. (4.5a) and (4.5b) one obtains:

R′

R

r(rk − rk
0 )

rk + (k − 1)rk
0

= Φ′ tanφ
Φ

= const = C. (4.7)

Equation (4.7) leads to a set of ordinary differential equations (ODEs) for R and
Φ. The solutions of these ODEs are given by:

R = Ar
[x− 1]C

[x]
k−1

k C
. (4.8a)

where:
x = rk

rk
0
.

After this substitution one gets:

R(r) = Ar

[
rk − rk

0
]C

rC
0 r

(k−1)C
,

and
Φ(φ) = Aφ sinC φ. (4.8b)

Here, Ar and Aφ are constants. For Z(z) the same expression is used as in the
paper of Romashets & Poedts (2007), i.e. Z = D

(
1 + α sin z

z0

)
. With D, α, and

z0 constants. This choice satisfies Eqs. (4.5a− c).

Equations (4.5a), (4.5b), and (4.5c) yield a relation between F , the magnetic field
and the velocity. Combining equations (4.5c) with Eqs. (4.1), (4.2), (4.8a), and
(4.8b) and choosing C = 1 (see Romashets & Poedts 2007) leads to expression:

Vr = − rk − rk
0

rk + (k − 1)rk
0

[
αV0

r

z0
cos z

z0
+ Vφ

cosφ
sinφ

]
, (4.9a)
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To ensure that Vr is finite everywhere, Vφ should be proportional to sinφ. For Vφ,
the expression proposed by Romashets & Poedts (2007) could be used:

Vφ = V 0
1

(
1 + r0

r

)
sinφ (4.9b)

and equation (4.5b) gives:

Vz = V0

[
1 + α sin z

z0

]
(4.9c)

.

In general, the magnetic field could be expressed as a linear combination of
Eqs. (4.1) − (4.3) i.e.:

Br =
∑

k

B0k cosφ
[
1 − rk

0
rk

]
, (4.10a)

Bφ = −
∑

k

B0k sinφ
[
1 + (k − 1)rk

0
rk

]
, (4.10b)

Bz = 0. (4.10c)

In the case when Bz ̸= 0, it is possible to express the magnetic field as follows:

Br = B0

[
1 − rk

0
rk

]
cosφ

1 + z2

z2
0

, (4.11)

Bφ = −0.5B0

[
1 + (k − 1)rk

0
rk

]
sinφ

1 + z2

z2
0

, (4.12)

Bz = −0.5B0

r

[
1 + (k − 1)rk

0
rk

] [
z1 + z0 arctan z

z0

]
. (4.13)

The general form of the magnetic field reads:

Br =
∑

k

B0k

[
1 − rk

0
rk

]
cosφ

1 + z2

z2
0

, (4.14)

Bφ = −
∑

k

0.5B0k

[
1 + (k − 1)rk

0
rk

]
sinφ

1 + z2

z2
0

, (4.15)

Bz =
∑

k

−0.5B0k

r

[
1 + (k − 1)rk

0
rk

] [
z1 + z0 arctan z

z0

]
. (4.16)
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In analogy with the results obtained by Romashets & Poedts (2007), one can
formulate a relationship between the components of the velocity, namely:

Vr
k + l

r

[
rk + (k − 1)rk

0
rk − rk

0

]
+ Vφ2l cosφ

sinφ

+Vz2k 1(
z1 + z0 arctan z

z0

)(
1 + z2

z2
0

) = 0. (4.17)

In order to determine the plasma pressure P and the density ϱ of the plasma flow,
in addition to Eqs. (4.1 − 4.4) one should consider the equation of motion, the
continuity equation, and the equation of state. These equations read, respectively:

ϱ(V · ∇)V + ∇
(
P + B2

8π

)
= (B · ∇)B

4π
, (4.18)

∇ · (ϱV) = 0, (4.19)

and
V · ∇

(
P

ϱγ

)
= 0. (4.20)

Here, γ corresponds to the ratio of specific heats. From the system of equations
(4.1 − 4.4) and (4.18 − 4.20), the expressions for the plasma density and pressure
can be derived (see Romashets & Poedts 2007):

ϱ = − 1
8π

V · ∇V·B×(∇×B)
∇·V + γV · B × (∇ × B)

V · ∇V·(V·∇)V
∇·V + (γ − 1)V · (V · ∇)V

, (4.21)

and

P = − 1
8π

V · (V · ∇)V
γ∇ · V

V · ∇V·B×(∇×B)
∇·V + γV · B × (∇ × B)

V · ∇V·(V·∇)V
∇·V + (γ − 1)V · (V · ∇)V

+V · B × (∇ × B)
8π∇ · V . (4.22)

Note, however, that the obtained mathematical solutions for the plasma pressure
P and the plasma density ϱ, can become negative and in this case they loose their
physical meaning. In order to obtain physically correct solutions for each value of
k, proper values of the free parameters should be chosen. For the parameter value
k = 2, these plasma quantities become zero.

Figs. 4.1 and 4.2 illustrate how the magnitude of the parameter k influences the
character of the plasma flow and the magnetic field around the MC. In Fig. 4.1,
in panels a) to d) the streamlines and the magnetic field lines are displayed for
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the different cases k = 3, 5, 7, and 20, respectively. This figure illustrates that as
the value of k is increased, the shape of both the streamlines and the magnetic
field lines changes and both gradually evolve into straight lines, except of course
in the immediate neighborhood of the MC where the flow and the magnetic field
are both deflected around the MC (due to the imposed boundary conditions).

In Fig. 4.2 the strength of magnitude of the magnetic field is plotted for B0 = 5 nT
and for the cases with k = 3, 7, 11, and 25, in the panels a) to d), respectively. This
figure clearly demonstrates that for increasing values of the model parameter k,
the magnetic field becomes ever more uniform in the surroundings of the cylinder
and its value increases in the immediate vicinity of the MC surface (in Fig. 4.2
one can see a dark red region indicating a comparably strong magnetic field).

In Figs. 4.3 and 4.4 contour plots are presented of the plasma density ϱ and the
plasma velocity V for k = 1, V0 = 22.5 km/s, V 0

1 = −7.5 km/s, z = 0, z0 = r0,
and α = 0.3. One can see that the density decreases just in front and behind of
the MC.
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Figure 4.1: Distribution of the plasma velocity stream lines and magnetic field
lines around a cylindrical MC, in the plane z = 0 and with Bz = 0. The dashed
lines correspond to streamlines and the solid lines represent magnetic field lines.
Panel a) corresponds to the case when k = 3; panel b) corresponds to the case
k = 5; panel c) shows the case k = 7; and panel d) is for k = 20.

4.2.2 Magnetic field disturbance around a spherical magnetic
cloud

In this subsection, the three dimensional magnetic field in a plasma flow around a
spherical superconductor with radius r0, is defined. A three-dimensional magnetic
field satisfying the same boundary conditions as introduced in the previous
subsection, is considered:

Br = −B0 cosφ sin θ
[
1 − rk

0
rk

]
, (4.23a)

Bθ = −B0 cosφ cos θ
[
1 + (k − 2

2
)r

k
0
rk

]
, (4.23b)

Bφ = B0 sinφ
[
1 + (k − 2

2
)r

k
0
rk

]
. (4.23c)
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Figure 4.2: Contour plots of the magnitude of the magnetic field around a
cylindrical MC in the plane z = 0 for B0 = 5 nT, Bz = 0. Panel a) corresponds to
the case k = 3; panel b) represents the case k = 7; panel c) shows the case k = 11
and panel d) corresponds to the case k = 25. The magnetic field B is given in nT.

Note that now spherical coordinates denoted as usual by (r, θ, φ) are used. In
order to determine the steady state velocity field of the flow around the spherical
superconductor, the frozen-in condition is used again:

∇ × (V × B) = 0. (4.24a)

It is convenient to rewrite Eq. (4.24a) as follows (Romashets and Poedts 2007):

V × B = ∇F. (4.24b)

From Eq. (4.24a) it follows that

B · ∇F = 0, (4.24c)

which shows that F is constant along the magnetic field lines.
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Figure 4.3: Contour plots of the magnitude of the plasma density around a
cylindrical MC in the plane z = 0 for the parameter values V0 = 22.5 km/s,
V 0

1 = −7.5 km/s, z = 0, z0 = r0, and α = 0.3, k = 1. Density is given in kg/m3.

Figure 4.4: Contour plots of the magnitude of the plasma velocity around a
cylindrical MC in the plane z = 0 for the parameter values V0 = 22.5 km/s,
V 0

1 = −7.5 km/s, z = 0, z0 = r0, and α = 0.3, k = 1. Velocity is given in km/s.
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Equation (4.24b) leads to a relation between F , the magnetic field and the velocity:

VθBφ − VφBθ = ∂F

∂r
, (4.25a)

VφBr − VrBφ = 1
r

∂F

∂θ
(4.25b)

VrBθ − VθBr = 0. (4.25c)

After the definition of the magnetic field B and choosing a proper value for F ,
solving the system of equations (4.25a − 4.25c) will give us an expression for the
velocity field V.

In general, the magnetic field is a linear combination of Eqs. (4.23a) − (4.23c):

Br = −
∑

k

B0k cosφ sin θ
[
1 − rk

0
rk

]
, (4.26a)

Bθ = −
∑

k

B0k cosφ cos θ
[
1 + (k − 2

2
)r

k
0
rk

]
, (4.26b)

Bφ =
∑

k

B0k sinφ
[
1 + (k − 2

2
)r

k
0
rk

]
. (4.26c)

4.2.3 Magnetic field and plasma velocity distribution around
expanding cylindrical magnetic clouds

In this subsection, the magnetic field and the plasma flow velocity around an
expanding MC is determined. A cylindrical MC with radius r0 is considered. In
previous studies, Shimazu and Vandas (2002) and Farrugia et al. (1995) considered
the physical variables inside the MC as a flux rope. In the present section, on the
contrary, the perturbation of the plasma parameters outside the MC is considered.
It is assumed that the cylindrical MC expands radially, in a cylindrical symmetric
manner i.e., r0 = r0(t), where r0(t) is a certain function of time.

Let us first determine the corresponding magnetic field. The magnetic field should
be tangential to the MC surface (i.e. Br = 0 at r0) and uniform far from the
cylinder, so for r ≫ r0). The components of the magnetic field that satisfies these
conditions can be expressed in the following way:

Br = B0 cosφ
[
1 − rk

0
rk

]
, (4.27)

Bφ = −B0 sinφ
[
1 + (k − 1)rk

0
rk

]
, (4.28)
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Bz = 0. (4.29)

Here, one now has
r0 = r0(t), (4.30a)

and
B0 = B0(t). (4.30b)

From Faraday’s law it can be obtained that

∇ × [V × B] = ∂B
∂t
. (4.31)

This then leads to the following equations:

∇ × [V × B]r = −B0 cosφkr−krk−1
0 ṙ0 + Ḃ0 cosφ

[
1 − rk

0
rk

]
, (4.32)

∇ × [V × B]φ = −B0 sinφk(k − 1)r−krk−1
0 ṙ0

−Ḃ0 sinφ
[
1 + (k − 1)rk

0
rk

]
, (4.33)

and
∇ × [V × B]z = 0. (4.34)

For further considerations, it is convenient to introduce a new vector field E:

V × B ≡ E. (4.35)

Symmetry along the cylindrical axis is assumed, this means:

∂

∂z
= 0. (4.36)

A combination of Eqs. (4.32 − 4.36) then yields the related equations for the
components of the vector E:

[∇ × E]r = 1
r

∂Ez

∂φ
, (4.37)

[∇ × E]φ = −∂Ez

∂r
, (4.38)

and
[∇ × E]z = 1

r

∂rEφ

∂r
− 1
r

∂Er

∂φ
. (4.39)
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The component Ez, which satisfies equations (4.11 − 4.13), can be expressed as:

Ez = −B0kr
1−k sinφrk−1

0 ṙ0 + Ḃ0r sinφ
[
1 − rk

0
rk

]
. (4.40)

From Eq. (4.35), the equations for the components of the velocity can then be
determined:

[V × B]r = Er = −VzBφ, (4.41)
[V × B]φ = Eφ = −VzBr, (4.42)

and
[V × B]z = Ez = VrBφ − VφBr. (4.43)

Equations (4.27 − 4.29) and (4.43) then finally lead to an expression for the radial
velocity component Vr:

Vr = −
1 − rk

0
rk

1 + (k − 1) rk
0

rk

Vφ
cosφ
sinφ

+ k

rk
0

rk ṙ0

1 + (k − 1) rk
0

rk

+ Ḃ0

B0
r

[
rk − rk

0
rk + (k − 1)rk

0

]
. 4.44

From Eq. (4.44) one can see that at r = r0 the radial component of velocity Vr = ṙ0.
This simply means that, at the surface of the MC, the radial velocity is equal to
the expansion velocity of the MC’s surface. In other words, the external plasma
flow velocity is tangential to the MC’s surface. In order to provide finite values
of Vr at φ = 0, Vφ should be a function that is proportional to sinφ. For Vφ one
can choose the same value as given in the paper Romashets & Poedts (2007). The
simplest solution for Er and Eφ, satisfying Eqs. (4.34), (4.35), and (4.39) is:

Er = Eφ = 0. (4.45)

Equations (4.31),(4.32), and (4.45) then yield that Vz = 0. This solution could be
generalized: any function E + ∇F will satisfy Eq. (4.31). The potential F could
be the same function as the choice discussed by Romashets & Poedts (2007).

In order to ensure conservation of magnetic flux, the following functions are chosen:

r0(t) = (R0(R0 + VE(t− t0)))1/2, (4.46a)

and
B0(t) = R0b0/(R0 + VE(t− t0)). (4.46b)

Here, R0 corresponds to the radius of the MC at time t = t0, and b0 denotes
the unperturbed magnetic field at the same moment in time. Note that VE has
the same order as the MC’s expansion velocity and the values of this velocity are
presented in Lepping et al. (2008).
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4.3 Investigation of Dynamics of Self-Similarly Evolv-
ing Magnetic Clouds

Observations show that MCs do not stay static but expand while propagating in
the solar wind and they keep expanding well beyond 1 AU (Burlaga 1991, Bothmer
& Schwenn 1998, Démoulin 2008, Démoulin & Dasso 2009). In the large majority
of the cases it is observed that the frontal parts of the MCs propagate with higher
velocities than their back regions. This thus shows that, with respect to the MC’s
own cylindrical set of coordinates, the radial size of those cylindrical MCs increases
(Nakwacki et al. 2008). Theoretical models including the effect of radial expansion
have been proposed before (Osherovich et al. 1995, Farrugia et al. 1993, Nakwacki
et al. 2008). In these models, only the radial expansion is taken into account
and solutions have been found for all plasma parameters. There are other studies
(Shimazu & Vandas 2002, Demoulin & Dasso 2009) where the axial expansion is
also included.

Previous studies also showed that inside MCs, the density drops as d−2.4 (Bothmer
& Schwenn 1998), i.e., the volume of the MCs increases as d2.4, where d denotes the
distance from the Sun. The radius of the MCs, denoted by R, also increases and
at a rate changing with the distance, viz. as: R ∼ d0.8 (Bothmer & Schwenn 1998).
Since the surface of the MC’s cross-section perpendicular to its axis increases as
R2 ∼ d1.6, and the MC’s volume increases as d2.4, the MC’s longitudinal size
should increase as d0.8. Therefore, according to Bothmer & Schwenn’s data, the
MCs are radially expanding and also show an extension along their axis.

4.3.1 General equations and self-similar expansion

In the present subsection, self-similarly expanding cylindrical MCs that are able to
expand in both the radial and longitudinal directions are considered. The problem
is considered in the frame of an MC and in the cylindrical coordinates related to
an MC where the axis Z of the coordinate system coincides with the MC’s axis.
Overall cylindrical symmetry of the MC is assumed.

In order to perform an analytic study of the dynamics of magnetic clouds, one has
to start from the full set of ideal MHD equations:

▽ · B = 0, (4.47)

∂tB = ∇ × [V × B] , (4.48)

∂tϱ+ ∇ · (ϱV) = 0, (4.49)

ϱ[∂t + (V · ∇)]V = (1/4π)(▽ × B) × B − ∇p, (4.50)
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In these equations, p denotes the thermal plasma pressure, ϱ is the density, V is
the velocity field, and B denotes the magnetic field.

In a number of previous studies, the MCs were considered as cylindrical magnetic
structures, characterized by axial symmetry. In the present consideration, both
symmetry along the Z axis (∂z = 0) and the azimuthal symmetry (∂φ = 0) are
assumed. The axially symmetric magnetic field can then be expressed in the
following way:

B ≡ [0, Bφ, Bz]. (4.51)

Where Bφ = Bφ(r, t) and Bz = Bz(r, t), note that this representation satisfies the
solenoidal condition.

The self-similar approach, adopted here, implies that the temporal evolution of
the physical functions is controlled by the following self-similar variable:

ξ = r

Φ(t)
, (4.52)

where Φ(t) denotes a function of time. Let us search solutions of the MHD
equations in the following form (in analogy to Low 1982):

Bφ = ΦδQφ(ξ), (4.53a)

Bz = ΦσQz(ξ), (4.53b)

ϱ = Φαρ̃(ξ), (4.53c)

p = Φβ p̃(ξ). (4.53d)

One can see that, the type of solutions introduced by Eq. (4.53a-4.53d) evolve
self-similarly and are characterized by a particular time-scaling. Here, Qφ, Qz, ρ̃,
and p̃ are functions of the self-similar variable ξ. Φδ, Φσ Φα, and Φβ show the time
scaling of the azimuthal and longitudinal components of magnetic field, plasma
density, and pressure, respectively.

4.3.2 Solution of the induction equation

We consider both a radial and a longitudinal expansion of the MC but no motion
in the azimuthal direction is considered. In this case the Eulerian velocity field of
the plasma, V, can be expressed in the following way:

V = [Vr, 0, Vz], (4.54)
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here, we assume that the radial component of the velocity Vr = Vr(r, t), and the
z−component Vz = Vz(z, t), i.e. we assume that the MC maintains its cylindrical
shape during its evolution.

After substitution of Eq. (4.54) in Eq. (4.48) we derive:

∂tBz + 1
r
∂r(rVrBz) = 0, (4.55a)

After taking into account relations (4.52), (4.53b) and the relations (B1) and (B2)
given in the appendix, Eq. (4.55a) can be rewritten as follows:

Qz

[
σΦ̇ + Vr

ξ
+ Φ∂rVr

]
+Q′

z

[
Vr − ξΦ̇

]
= 0, (4.55b)

here Q′
z corresponds to dQz(ξ)/dξ. Equation (4.55a) (therefore equation (4.55b))

is satisfied for arbitrary Qz only when:

Vr − ξΦ̇ = 0, (4.56a)

and
σΦ̇ + Vr

ξ
+ Φ∂rVr = 0. (4.56b)

From Eq. (4.56a) and Eq. (4.56b) follows that radial component of the Eulerian
plasma velocity is described as follows:

Vr = rΦ̇/Φ, (4.57)

and
σ = −2, (4.58)

where Φ is the function of time mentioned in Eq. (4.52).

One can check that for σ = −2 the longitudinal magnetic flux ϕz is conserved.
Nakwacki et al. (2008) analyzed different MC models and derived expressions for
the magnetic flux, the magnetic helicity, and the magnetic energy per unit length
along the flux tube. The models that are in good agreement with observations are
characterized by the conservation of ϕz, see also Berdichevsky et al. (2003).

Let us analyze the φ-component of the induction equation, Eq. (4.48):

∂t(Bφ) +Bφ∂zVz + ∂r(VrBφ) = 0. (4.59)

The combination of Eqs. (4.57) and (4.59) leads to the following important relation:

(δ + 1)Φ̇/Φ + ∂zVz = 0. (4.60)
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After taking into account expressions (4.51) and (4.54) in combination with the
assumption of azimuthal symmetry, one can see that the radial component of the
induction equation, Eq. (4.48), is automatically satisfied and does not lead to any
additional restrictions.

4.3.3 Self-similar solutions

After inserting the expression for the plasma density (4.53c), together with the
velocity from Eq. (4.54), with Eq. (4.57) for the radial component, in the mass
conservation law given by Eq. (4.49), we obtain another important relation, viz.

(α+ 2)Φ̇/Φ + ∂zVz = 0. (4.61)

Obviously, in order to have consistency between Eqs. (4.60) and (4.61), one should
have: α+ 2 = δ + 1.

The z-component of the equation of motion, Eq. (4.50), helps to derive an
expression for the z-component of the plasma velocity:

∂tVz + Vz∂zVz = 0. (4.62a)

Let us try to solve the partial differential equation (4.62a) by using the variable
separation technique, i.e. we assume that

Vz(z, t) = Z(z)T (t). (4.62b)

Substitution of expression (4.62b) in Eq. (4.62a) yields:

ṪZ + ZT 2Z ′ = 0, (4.63a)

here Ḟ ≡ ∂tF denotes the first order time derivative of a function F . Hereafter we
will use, for indicating second order derivatives, the notation: F̈ ≡ ∂2

t F . While Z ′

stands for dZ/dz.

It follows from Eq. (4.63a) that:

− Ṫ

T 2 = Z ′ = const, (4.63b)

Equation (4.63b) can be decomposed into two ODEs, viz.

− Ṫ

T 2 = λ, (4.63c)



68 ANALYTICAL STUDY OF DYNAMICS OF IP MAGNETIC CLOUDS

and
Z ′ = λ, (4.63d)

here, λ is an arbitrary constant.

After solving the ODEs (4.63c-4.63d) with the assumption that, at the surface
z = 0, Vz = 0, we derive the following expressions:

T = T0

1 + λT0t
, (4.64a)

and:
Z = λz, (4.64b)

where λ and T0 are constants.

After inserting Eqs. (4.64a-4.64b) into Eq. (4.62b), we obtain the wanted
expression for Vz:

Vz = zK

1 +Kt
, (4.65)

here, K ≡ λT0.

We assumed that locally the MC could be described as a cylindrical structure. Let
us investigate the evolution of the length L of this cylindrical structure. For this
purpose, let us describe the temporal evolution of the z-coordinate of the plasma
element located at the position z = L at time t. The Lagrangian velocity of this
element coincides with the Eulerian velocity of the plasma flow at time t and z = L.
If at a certain time the coordinate of this element is L, then its Lagrangian velocity
is:

VL = dL

dt
. (4.66a)

From Eq. (4.65), we then have:

dL

dt
= LK

1 +Kt
. (4.66b)

The solution of this ordinary differential equation (4.66b) gives the following
expression for the longitudinal size of the considered cylindrical structure:

L = L0(1 +Kt), (4.66c)

where L0 is the length of the cylinder at t = 0.

The radial component of the equation of motion, in combination with the
expressions for the magnetic field, the velocity, and the plasma density leads to:

ΦαξΦ̈ρ̃ = Fr. (4.67)
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Here, Fr denotes the radial component of the total force. In terms of p̃, Qφ,z, and
ξ, this force component can be expressed as (details of the derivation are given in
the appendix B):

Fr = − 1
4π

[
1

Φ5Q
′
zQz + Φδ−3

(
Q2

φ

ξ
+Q′

φQφ

)]
− Φβ−1p̃′, (4.68)

where Q/
φ,z = dQφ,z/dξ, and p̃′ = dp̃/dξ. In order to have a self-consistent time

scaling for all terms in Eq. (4.68), one has to require that δ = −2 and β = −4.
From a comparison of Eq. (14) to Eq. (4.61), follows that if δ = −2, then α = −3.

At the same time, from Eq. (4.61) and Eq. (4.65),:

Φ̇
Φ

= K

1 +Kt
. (4.69)

Equation (4.69) is an ordinary differential equation in terms of Φ(t). After solving
this ODE, we find the following explicit expression for Φ(t):

Φ = Φ0(1 +Kt), (4.70)

here Φ0 is a constant parameter.

The substitution of expression (4.70) into Eq. (4.67) leads to an important
conclusion: calculating the magnetic and pressure gradient forces, we see that for
the self-similarly evolving, cylindrical, axially-symmetric structure the magnetic
force, Fm ≡ 1/(4π)(▽×B)×B and the thermal pressure gradient force, Fp ≡ −▽·p
are exactly balanced, i.e.

Fr = Fm + Fp = 0. (4.71)
If we associate the value ξ0 of the self-similar variable ξ with the boundary of the
MC, then the expression of the MC Lagrangian velocity is given by (Low 1982):

Vs = dR

dt
= ξ0

dΦ
dt
. (4.72)

After substitution of the expression (4.70) for Φ into Eq. (4.72), we can derive a
time-dependent solution for the MC radius:

R = R0(1 +Kt). (4.73)

Note that the form of this expression coincides with the one given by Nakwacki et
al. (2008).

4.3.4 Plasma and force-free field evolution

The rest of the solutions readily follows from the derived equations, yielding:

Vr = rK

1 +Kt
, (4.74a)
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ϱ = ϱ̃

(1 +Kt)3 , (4.74b)

and
p = p̃

(1 +Kt)4 , (4.74c)

here, ϱ̃ and p̃ are arbitrary functions of ξ = r/Φ.

After analysis of the expressions for pressure and density given by Eqs (4.74b-
4.74c), one can check that, for systems characterized by entropy conservation, the
entropy conservation law is satisfied only if the polytropic index γ = 4/3. Actually,
this is a common feature of all different self-similar systems (Low 1982, Farrugia
et al. 1995, Finn et al. 2004).

From various observations, it is known that MCs are characterized by low plasma
β’s (Burlaga et al. 1981, Burlaga 1991, Bothmer & Schwenn 1998). The thermal
pressure term in the total force could be neglected and this implies that we have
to construct a force-free magnetic field that evolves in a self-similar way. The
cylindrically symmetric force-free structure of the MC’s magnetic field is indeed
advocated by a number of researches (Burlaga 1988, Lepping et al. 1990, Farrugia
et al. 1993, Farrugia et al. 1995, Nakwacki et al. 2008, Demoulin & Dasso 2009).
A force-free magnetic field satisfies the following relation:

▽ × B = µB. (4.75)

If we rewrite the vectorial equation (4.75) for each component of vectors, taking
into account expressions (4.53a), (4.53b), and (4.58), we obtain:

−Q′
z = µΦQφ, (4.76a)

Q′
φ + Qφ

ξ
= µΦQz, (4.76b)

here Q′
φ,z stands for dQφ,z/dξ. If we take the derivative of both terms of Eq. (30a)

with respect to the variable ξ, we get:

−Q′′
z = µΦQ′

φ, (4.76c)

here it is assumed that µ does not depend on ξ. In general, however, µ could be
a function of ξ.

If we take in to account expressions (4.76a) and (4.76c), we can derive from
Eq. (4.76b) an ordinary differential equation for Qz:

Q′′
z + Q′

z

ξ
+ µ2Φ2Qz = 0. (4.77a)

With the following transformation of variables: x = µΦξ, we can rewrite
Eq. (4.77a) as follows:

d2Qz

dx2 + 1
x

dQz

dx
+Qz = 0. (4.77b)
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Actually Eq. (4.77b) is a Bessel equation of the zeroth order, with the following
solution:

Qz = J0(x) = C0J0(µΦξ), (4.78a)

where J0(x) is the Bessel function of the first kind, C0 is a constant parameter.
Notice that the solution that is not characterized with a singularity at x = 0
has been chosen. The substitution of Eq. (4.78a) in relation (4.76a) leads to an
expression for Qφ:

Qφ = J1(x) = C0J1(µΦξ), (4.78b)

with J1(x) the Bessel function of the first kind.

From Eqs. (4.78a-b) we see that Qφ and Qz are the functions of µΦξ. Since
we assumed above that µ is not a function of ξ, that Φ is only a function of t
(Eq. (4.52)), and that Qφ,z are functions of only ξ (Eqs. (4.53a,4.53b)), it follows
that µΦ = const. The substitution of Eqs. (4.78a), (4.78b), (4.70) and (4.52) in
Eqs. (4.53a) and (4.53b) respectively, taking into account that δ = σ = −2, leads
to the following expressions for the components of the magnetic field:

Br = 0, (4.79a)

Bφ = B0

(1 +Kt)2 J1

(
r

r0(1 +Kt)

)
, (4.79b)

and
Bz = B0

(1 +Kt)2 J0

(
r

r0(1 +Kt)

)
, (4.79c)

where B0 and r0 are constants. (C0/Φ2
0 is changed by B0 and µξ/Φ0 is substituted

by 1/r0.)

From Eqs. (4.79a−c) we can calculate important expressions for the magnetic flux
and the helicity (Nakwaci et al. 2008) associated with the MC:

Φz = 2π
χ
R

B0

(1 +Kt)2 J1(χR), (4.80a)

Φφ = 1
χ

B0

(1 +Kt)2L(1 − J0(χR)), (4.80b)

and

H = 2π
χ
R2 B2

0
(1 +Kt)4L(J2

1 (χR) − J0(χR)J2(χR) + J2
0 (χR)), (4.80c)

where χ ≡ 1/(r0(1 +Kt)).

By its physical meaning Φz is the magnetic flux across the surface perpendicular
to the axis of a MC, while Φφ is the magnetic flux across the surface defined by
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the magnetic axis and the radial direction. Moreover, R denotes the radius of the
MC and L is the longitudinal length of the cylindrical structure. By inserting into
Eqs. (4.80a− c) the corresponding expressions for R and L, we find:

Φz = 2πR0r0B0J1

(
R0

r0

)
= const, (4.81a)

Φφ = B0r0L0

[
1 − J0

(
R0

r0

)]
= const, (4.81b)

and also

H = 2πr0R
2
0B

2
0L0

[
J2

1

(
R0

r0

)
− J0

(
R0

r0

)
J2

(
R0

r0

)
+ J2

0

(
R0

r0

)]
= const.

(4.81c)

From these results, it follows that the obtained solutions ensure the conservation
of magnetic flux and helicity inside the cylindrical MC described by our model.

4.4 Radially expanding MCs

The purpose of this section is to find solutions for the physical variables in the
case where only the radial size of the MC increases. One can see that the solutions
in this case do not remain self-similar, although initially a self-similar expansion
is assumed in the radial direction.

Below we consider MCs that are expanding only radially; i.e., for which Vz = 0. In
this case Eq. (4.60) implies that Φ̇ = 0 or δ = −1. The case with Φ̇ = 0 corresponds
to the stationary state, which is trivial. Let us consider the case when Φ̇ ̸= 0 but
δ = −1. In order to provide a consistent time-scaling of all terms in Eq. (4.68),
we have to satisfy:

QφQ
′
φ +

Q2
φ

ξ
= Qφ

ξ
∂ξ(ξQφ) = 0. (4.82a)

An analysis of Eq. (4.52) (ξ = r/Φ(t)), Eq. (4.53a) (Bφ = ΦδQφ(ξ)), and
Eq. (4.82a) leads to the following expression:

1
r
∂r(rBφ) = 0, (4.82b)

here, it is taken into account that ∂r = ∂ξ/Φ(t).

From Eq. (4.82b) we can conclude that:

Bφ = C

r
, (4.82c)
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with C = const.

Note that the expression for Bφ is characterized by a singularity along the axis
(r = 0). It seems reasonable to conclude that, if we do not consider the axial
stretching of self-similarly evolving MCs, we can not obtain a physically valid
solution for the Bφ− component along the axis of the MC.

4.5 Conclusions

In this chapter an analytical approach was developed in order to investigate the
structure and the dynamics of IP magnetic clouds.

In the Section 4.2 the results obtained by Romashets & Poedts (2007) have been
generalized. In addition to the study of a general distortion of the ambient
magnetic field around the cylindrical magnetic clouds, we investigated the plasma
characteristics around a spherical magnetic cloud. Moreover, also the case of an
expanding magnetic cloud was investigated.

While in the Section 4.2 the plasma characteristics outside the MCs were studied,
in Section 4.3 we investigated the evolution the MC’s structure itself. We derived
explicit expressions for the plasma density, the pressure, and the magnetic and
velocity fields. For this purpose, the full set of ideal MHD equations was solved
using the standard self-similar approach. Notice that B.C. Low also used the
self-similar approach to solve MHD equations (Low 1982). However, B.C. Low
considered mainly spherically symmetric outflows coming from the central object.
In the present study, we investigated the local structure of magnetic clouds
considering them as cylindrically symmetric magnetic structures.



Chapter 5

Investigation of the dynamics
of magnetic clouds by a
numerical approach

5.1 Numerical study of magnetic cloud dynamics with
the 1D MHD code ”Graale”

This chapter is based on the work performed in Dalakishvili et al. (2010a) and
Dalakishvili et al. (2010b). Here, we study the evolution of magnetic clouds
and their interaction with the ambient solar wind using numerical simulation
models and codes. In the first section, as well as in Dalakishvili et al. (2010b),
the analytical solutions derived in Dalakishvili et al. (2010b) are implemented as
initial conditions in a 1-D, lagrangian numerical code. It is found that in the case
of a simple ambient flow, the solutions maintain their self-similar character for
a long time. In the second section of this chapter, as well as in Dalakishvili et
al. (2010a), the solutions derived in Dalakishvili et al. (2010b) are implemented as
initial conditions in a 3-D numerical code superposed on a radial ambient flow. The
evolution of the initial magnetic structure is studied for different sets of parameter
values. It is found that magnetic structures that move with a velocity close to the
velocity of the ambient solar wind, maintain the signatures that are typical for
magnetic clouds.

74
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5.1.1 Description of simulation set up

In this section the evolution of MCs, embedded in an ambient medium, is
investigated by means of the model described in Chapter 4, Section 4.2. For this
purpose, the Lagrangian numerical MHD code “Graale“ (Finn et al. 2004) is used,
which enables us to check whether the above-obtained solutions maintain their
self-similar nature when they propagate in an ambient medium. In the numerical
code, both azimuthal and cylindrical symmetries are implied. Furthermore, it
is assumed that the magnetic structure expands uniformly in the longitudinal
direction, in other words Vz = zL̇/L, with L the length of the cylinder. An
analysis of Eqs. (4.67a-4.67c) and Eq. (4.66) shows that the expression derived
for the longitudinal velocity coincides with the one implemented in the code.
The assumptions of cylindrical and azimuthal symmetry in the code and the
prescription of the character of the longitudinal motions makes the numerical
simulations ‘one-dimensional’. In the numerical runs the units of the physical
parameters are chosen as follows: the unit length Lunit = 0.1AU = 15 · 106 km
is of the order of the MC’s radius at 1 AU, the unit magnetic field Bunit = 3 nT,
and the unit number density nunit = 10 cm−3. After taking into account that
the proton mass mp ≈ 1.7 · 10−27 kg, one derives that the unit mass density
is ρunit = mpn0 = 0.8 · 10−14 kg/m3. The unit speed is the Alfvén speed
corresponding to ρunit and Bunit: Vunit = V0A = 20.5 km/s, which is of the
order of the MC’s edges expansion velocity in the frame of the MC (Vandas et al.,
2009), and the unit time tunit = Lunit

Vunit
= 200 h. A domain with Rmin = 0 and

Rmax = 10 is discretised with 2000 grid cells. The time step used in the simulations
is ∆t = 5 · 10−7 (Rmin, Rmax and ∆t are given in units introduced above-Lunit

and tunit). Open boundary conditions are applied. Inside the calculation domain,
we introduce initial conditions for the physical variables in two different regions:
inside the MC and outside the MC.

5.1.2 Initial and boundary conditions

Following boundary conditions are applied: Velocity is continuous on the
boundaries, mass density is continuous function on the inner boundary and is zero
on the outer boundary. No magnetic field is considered outside the computational
domain. Inside the computational domain initial conditions are introduced for the
physical variables in two different regions: inside the MC and outside the MC.

Evidently, the solutions inside and outside the magnetic structure should satisfy
the following jump conditions across the surface of any MC:

[ϱυr] = 0 (5.1a)[
ϱυ2

r + p+ 1
8π
B2
]

= 0 (5.1b)
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[
1
2
ϱυ3

r + ( γp

γ − 1
+ 1

4π
B2)υr

]
= 0 (5.1c)

and, finally,
[ϱυrυt] = 0 (5.1d)

Here, cylindrical coordinates (r, φ, z) are used. This coordinate system is attached
to the magnetic cloud and the center of this system coincides with the center of
the MC while the z-axis coincides with the axis of the MC.

Here, [.] denotes the jump of the quantity between the brackets across the surface
of the MC. Also, υr = Ṽr − Vs, where Ṽr and Vs are the plasma and the MC’s
surface velocity, see Eqs. (4.72) and (4.74a), respectively. Moreover, υt denotes
the plasma velocity tangential to surface of MC. Equation (4.72) and Eq. (4.74a)
show that υr = 0, which is logical for ideal MHD. Equations (5.1a), (5.1c), and
(5.1d) are satisfied for arbitrary values of the plasma density and Eq. (5.1b) leads
to the condition: [

p+ 1
8π
B2
]

= 0. (5.2)

.

It is known that the plasma mass density inside the MCs is lower than outside
and the plasma β within a MC is lower than in the ambient plasma. Here, we
consider a plasma β ∼ 1 in the ambient environment and β ∼ 0.1 inside the MC.
For the magnetic field within the MC we use the solution expressed by Eqs. (4.80a-
4.80c). For the magnetic field outside MC, on the other hand, it is assumed that
the azimuthal component of the magnetic field, Bφout = 0, while the longitudinal
component, Bzout, is assumed to be uniform. It is also implied that both the mass
density and the thermal pressure are uniform in both regions of the computational
domain.

Bearing in mind these assumptions and jump conditions, Eqs. (5.1) and (5.2), one
can find explicit expressions for the plasma pressure and magnetic field outside
the MC.

5.1.3 Simulation results

Figure 5.1 represents numerical solutions for the plasma mass density and velocity,
while Fig. 5.2 shows solutions for the magnetic field components at different
moments in time. On panels a and b the dimensionless values of the density,
velocity and magnetic field are plotted. On panels c and d the dependence of the
modified values of the physical parameters on the self-similar variable is presented.

The dependence of the modified mass density and velocity as well as the
dependence of the modified magnetic field components on the self-similar variable
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clearly show that the obtained solutions maintain their self-similarity in the course
of the MC expansion.
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Figure 5.1: Snapshots of the evolution of the plasma density and velocity field.
Panel a) represents the dependence of the plasma density on the radial coordinate
for four moments in time; Panel b) shows the dependence on the plasma velocity
on the radial coordinate for four time moments; Panel c) and Panel d) illustrate
the dependence of the modified density and the modified velocity, respectively, on
the self similar variable. The parameter values for this case are k = 2, B0 = 1,
ϱout = 3ϱin, βin = 0.1, βout = 1, and Φ0 = 1. The black line corresponds to
t = 0, the red line represents the moment t = 0.5/3, the green line shows the time
moment 1/3, and the blue line corresponds to the moment t = 0.5.
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Figure 5.2: Snapshots of the evolution of the magnetic field components. Panel a)
represents the dependence of the azimuthal component of the magnetic field on
the radial coordinate for four time moments; Panel b) shows the dependence of the
z-component of the magnetic field on the radial coordinate for four time moments;
Panel c) and Panel d) illustrate the dependence of the modified azimuthal and
z-components of the magnetic field, respectively, on the self-similar variable. The
parameter values for this case are k = 2, B0 = 1, ϱout = 3ϱin, βin = 0.1, βout = 1,
r0 = 1, and Φ0 = 1. The black line corresponds to t = 0, the red line represents
the moment t = 0.5/3, the green line shows the time moment 1/3, and the blue
line corresponds to the moment t = 0.5.
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5.2 Numerical study of the magnetic cloud dynamics
using a 3D MHD code

5.2.1 Description of the model

Coordinate systems

In order to formulate particular expressions in a compact way, it is convenient to
introduce local and global coordinate systems. The global coordinate system we
use is a spherical coordinate system (R, θ, φ), with its origin located at the center
of the Sun. The polar axis of this system coincides with the solar magnetic axis
(the z-axis) and the azimuthal angle (φ) is counted from the x-axis connecting Sun
and Earth, where the x-axis is directed from the Sun to the Earth.

The local, cylindrical coordinate system (r, φ̃, z̃) we consider in the present section
is related to the cylindrical magnetic cloud. The z̃-axis coincides with the axis of
the MC and is perpendicular to the (x, z) plane: that defines (x, z, z̃) as a right-
handed Cartesian coordinate system. The azimuthal angle of the local system φ̃
is counted from the z-axis of the global system. Fig. 5.18 shows a sketch of the
computational volume and the respective coordinate axes.

After fixing the location of the cylinder in the global system, we can define
functional relations between the coordinates of these two systems and transform
vector components from one system to the other. Later, the notation Cr,φ̃,z̃ will
stand for components of vector a C in the local coordinate system, while CR,θ,φ

will denote the components of the same vector in the global coordinate system.

Initial & boundary conditions

The physical quantities are normalized as follows. The unit length L0 = 7 ·105 km
is equal to the Solar radius. The unit magnetic field B0 = 3 nT approximates the
value of the magnetic field at 1 AU; while the unit number density n0 = 10 cm−3

is approximately equal to the number density at 1 AU. After taking into account
that the proton mass mp ≈ 1.7 · 10−27 kg, one derives that the unit mass density
corresponds to ρ0 = mpn0 = 1.7 · 10−20 kg/m3. The speed is then normalized to
V0A = B0/

√
µρ0 = 20.5 km/s (of the order of the MC’s edges expansion velocity

in the frame of the MC, Vandas et al. (2009) and, last but not least, the unit of
time is then given by t0 = L0/V0A = 9.5 h.

In the number of numerical studies (van der Holst et al. 2005, 2007, Jacobs et al.
2006, Kleimann et al. 2005, Kleimann et al. 2009.) it was shown that show that
far from the Sun (in the frame of rotating Sun), the steady-state solar wind can
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be characterized by a uniform radial velocity and radial magnetic field. Therefore,
in the code we employed a radial flow with a radial magnetic field as an initial
background. Since period of the sun rotation is 27 days and MC needs time of
the order of day to reach the Earth’s magnetosphere, effects of the Sun’s rotation
could be neglected. In order to ensure the stationarity of this background flow, the
following expressions are chosen for the initial background density and magnetic
field:

ϱout = ϱ0out

(
R0

R

)2

, (5.3a)

BoutR = B0outΘ(θ)
(
R0

R

)2

. (5.3b)

Here, R0 corresponds to the Solar radius and Θ(θ) is an arbitrary function of the
polar angle. In our simulations, we considered both the case Θ(θ) = const. and
the case Θ(θ) = cos θ. The latter case describes the change of sign of the magnetic
field and the existence of a current sheet in the equatorial plane. We concluded
that such an asymmetry in the magnetic field does not have a significant influence
on the dynamics of the MC.

Initially, the magnetic cloud is introduced as a cylindrical magnetic structure
with radius r0. The magnetic field inside the MC is a superposition of force-free
magnetic fields which is constructed on basis of Lundquist solutions (Lundquist,
1950) and a radial background magnetic field. The components of the force-free
magnetic field are given in the local cylindrical coordinates as follows:

B′
inr = 0, (5.4a)

B′
inφ̃ = B0inJ1

(
r

r̃0

)
, (5.4b)

B′
inz̃ = B0inJ0

(
r

r̃0

)
. (5.4c)

Here, J0(x) and J1(x) correspond to the Bessel functions of the first kind. The
structure of the magnetic field described by Eqs. (5.4a-5.4c) is shown in Fig. 5.18.
Here, r̃0 is an arbitrary constant parameter and in the numerical simulations r̃0 is
equal to the initial radius of the MC.

Initially the magnetic field Bin inside the MC is given as:

Bin = B′
in + Bout. (5.5)

For the determination of the constants B0in and B0out, the observational data,
which show that the plasma β inside a MC is lower than outside the cloud (βin ≪
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1, βout ∼ 1) (Burlaga et al. 1981, Burlaga 1991, Bothmer & Schwenn 1998), was
taken into consideration.

The evolution of a MC is characterized by an increase of its radial size, by its
longitudinal extent and by the motion of the whole structure in the ambient
environment.

The velocity of matter inside the MC consists of the MC’s bulk velocity, i.e. the
velocity caused by an increase of its radius and the velocity of prolongation. In
the coordinate system attached to the MC, the expressions for the components of
the velocity inside the MC are given as follows:

V ′
inz̃ = z̃K, (5.6a)

V ′
inφ̃ = 0, (5.6b)

and
V ′

inr = rK. (5.6c)

These expressions coincide with the expressions introduced by Dalakishvili et al.
(2010) at t = 0, where K is a constant parameter and 1/K has the dimension of
time.

The total velocity of matter inside the MC could be expressed as follows:

Vin = VMC + V′
in. (5.6d)

For the initial background velocity the following features are prescribed: it is radial
and uniform far from the MC’s surface and it is tangential to the MC’s surface, i.e.
the background plasma does not penetrate the MC. An expression for the velocity
which satisfies the above-mentioned conditions is:

Vout = V + V′, (5.7a)

Here,
V = (VR, 0, 0). (5.7b)

It is convenient to express V′ in local cylindrical coordinates:

V ′
r = (VS + VMCr − Vr)

(r0

r

)3
, (5.8a)

V ′
φ̃ = (VMCφ̃ − Vφ̃)

(r0

r

)3
, (5.8b)
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and
V ′

z̃ = VMCz̃

(r0

r

)3
. (5.8c)

Here, VS = Kr0 is the initial Lagrangian velocity of the MC’s edge. The parameter
K is the constant introduced in Eqs. (5.6a-5.6c), see also Dalakishvili et al. (2010).

Initially, the density inside the MC is uniform and is half of the unit density. The
initial radius of the MC is 20 in normalized units and corresponds to 0.1 AU as
measured by spacecraft (Burlaga 1995).

In addition to the kinematic case described by Eqs. (5.6)-(5.8) the rotation of a
MC around its axis is considered. In this case, Eq. (5.6b) and Eq. (5.8b) are
changed as follows:

V ′
inφ̃ = ωr, (5.9a)

and
V ′

φ̃ =
(
ṼMCφ̃ − Ṽφ̃ + ωr

) (r0

r

)3
, (5.9b)

Here, ω is the angular velocity of the MC’s rigid rotation around its axis.

In Fig. 5.19 one can see sketches of the velocity components, characterizing the
MC: panel a) corresponds to the case when the MC does not rotate and panel b)
represents the case with rotation of the MC around its axis.

We applied the following boundary conditions formulated in the global coordinate
system: on the inner radial boundary the functions given by Eqs. (5.3a-b) are
prescribed for the magnetic field and density and also, a radial, uniform velocity is
prescribed. On the other (side and outer) boundaries, the density and tangential
components of the magnetic field and velocity are extrapolated, while for the
normal components of the velocity and magnetic field, mass and magnetic flux
conservation conditions are written. One should bear in mind that the outer
radial boundary conditions (assumed for simplicity) are incompatible with the
cylindrical geometry prescribed to the MC. While one could expect an influence
of these boundary conditions on the solutions, they turn out to be negligible far
from the boundary: the propagation speed of the magnetic structures is the above
local Alfvén speed. Therefore, it could be concluded that the boundary-induced
disturbances will not be able to propagate inwards.

Model equations and their implementation in the code

In order to study the dynamics of MCs numerically, I use the version of numerical
code “CRONOS” developed by Ralf Kissmann, Jens Kleimann and Rainer Grauer
(Kleimann et al. 2004). In this code is implemented the second-order finite volume
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scheme based on the work by Kurganov et al. (2001) for the hyperbolic part of
the system of equations (see Flaig et al. 2009 and references therein) is used.
This is a central conservative scheme for the solution of equations of the form:
∂u/∂t+ ∇ · [F(u)] = 0. It does not require a Riemann solver nor a characteristic
decomposition. This scheme was extended by means of a constrained transport
description for the magnetic field (see, e.g., Balsara & Spicer 1999; Londrillo & Del
Zanna 2000) which ensures the solenoidality of the magnetic field. This method
uses the hyperbolic fluxes to compute the electric field components on a staggered
grid. These are then used to evolve the magnetic induction, the components of
which are also given on a (different) staggered grid. The stability of the code and
its capability to resolve steep gradients without introducing artificial oscillations
have been proven, e.g., by Kissmann (2006).

In the computer code, the magnetic field is represented by means of a vector
potential. The vector potential, corresponding to the magnetic field introduced by
expressions (5.4a-5.4c), could be expressed as follows:

A′
inr = 0, (5.10a)

A′
inφ̃ = B0inr̃0J1

(
r

r̃0

)
, (5.10b)

and
A′

inz̃ = B0inr̃0J0

(
r

r̃0

)
. (5.10c)

The vector potential corresponding to a radial magnetic field could be expressed
in the global spherical coordinates (introduced earlier) in the following way:

A1R = 0, (5.11a)

A1θ = −B0outR
2
0Θ(θ) sin θ
R

φ, (5.11b)

and
A1φ = 0. (5.11c)

HereΘ(θ) is an arbitrary function of θ. In order to ensure continuity of the vector
potential across the surface of the MC, the vector-potential of the background
magnetic field is represented as follows:

Aout = A1 + ∇f, (5.12a)

with

f = B0inr

(
1 +

(r0

r

)2
)

+B0inr̃0r0J1

(
r

r̃0

)
φ̃+B0inr̃0J0

(
r

r̃0

)
z̃, (5.12b)
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while the vector potential of the MC’s magnetic field is given by

Ain = A′
in + Aout, (5.12c)

5.3 Details of the simulation setup

In the present section, we present some details about the numerical simulations
we performed. In the numerical calculations a spherical geometry is applied. The
computational domain is a segment of a sphere with the following parameters:
R ∈ [60, 300], θ ∈ [0.1, 0.9]π, and φ ∈ [0, 0.2]π. For the simulations we used
120 grid cells in the radial and polar dimensions and 60 cells in the azimuthal
dimension.

In the numerical study, single-fluid ideal MHD equations are being solved, where
an adiabatic relation with polytropic index γ = 5/3 is considered The Sun’s gravity
is not taken into account. One could estimate that at 1AU gravity force acting
from the Sun is much less than drug force acting on the MC from the solar wind.
Particularly, gravity force FG = GMSMMC/a

2
0 here G is gravitational constant,

MS and MMC are masses of the Sun and the magnetic cloud respectively, a0 stands
for the distance from the center of the Sun. Drug force FD ∼ ρW sV 2

W , here ρW is
density of the solar wind, s is cross section of MC in the plane perpendicular tot
he solar wind direction, VW is the velocity of the solar wind. One can check that
at 1 AU FG/FD ≪ 1.

The initial velocity of the background flow is: VR = 20 (cf. Eq. (5.7b)). Initially,
the center of the cylindrical MC is situated at R0 = 170 and the initial radial size
of the magnetic cloud is r0 = 20, while the parameter r̃0 = 20.

The mass density inside the MC is ρin = 0.5 and the density outside the MC is
given as: ρout = 4·104/R2. The magnetic field outside the MC is: Bout = 4·104/R2,
and in order to describe the magnetic field inside the MC, we set the value of
B0in = 5. The Lagrangian velocity of the MC’s edge is given by VS = 0.05r0,
k = 0.5 and |ω| = 0.05.

We conducted various simulation runs, which are summarized in Table 5.1. In
runs 1 to 3, we considered cases in which the MC’s bulk velocity V0 is initialized
to be, respectively, lower than, equal to, or higher than the ambient flow speed of
20. Furthermore, the (formerly vanishing) MC’s internal rotation around its axis
of symmetry was varied, as was the direction of the background magnetic field
(runs 4a to 4d).

After each time step, the values of the physical variables in three selected fixed
positions along the trajectory of the MC, are extracted. In order to facilitate the
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Table 5.1: Summary of conducted simulation runs, with references to the figures
which display selected data from the respective runs.

Run V0 ω B0out Figures
1 15 0 40000/R2 1, 2, 3
2 20 0 40000/R2 4, 5, 6
3 30 0 40000/R2 7, 8, 9
4a 20 +0.05 40000/R2 12
4b 20 -0.05 40000/R2 13
4c 20 +0.05 −40000/R2 14
4d 20 -0.05 −40000/R2 15

comparison with observations, time profiles of the density, the magnetic field, and
the flow velocity at selected fixed positions along the MC’s trajectory have been
extracted from the simulation data and presented in Figs. 5.3, 5.6, 5.9, 5.14 to 5.17.
These “virtual observers” thus capture information which would be measured by
a stationary spacecraft situated in the MC’s trajectory as the latter sweeps over it.
All three virtual “observers” have the same polar and azimuthal coordinates, viz.
θ′ = 0.5π and φ′ = 0.03π, and the distances between each of the three observers
and the center of the Sun are: R′

1 = 196, R′
2 = 225, and R′

3 = 250, respectively.
Initially, the center of the cylindrical MC is situated at R0 = 170.

5.3.1 Results and discussion

5.3.2 Non-rotating MCs

In this section, we present and discuss the results of the numerical simulations
described in the previous section. For each of the three different cases, we provide
a plot of the global structure of the number density, the plasma velocity and the
magnetic field in a meridional plane.

In Figs. 5.3-5.5 one can see that when the MC’s velocity is less than the velocity
of the background flow, i.e. when the MC moves slower than the background solar
wind, a denser region appears behind the MC after some time. In the snapshots in
Fig. 5.4, one see that the magnetic structure expands asymmetrically, after some
time the region of lower density does not exactly coincide with the region of large
magnetic field, and the MC is followed by a shock-like structure. After comparison
of the upper left and bottom left panels of Fig. 5.3 (density and absolute value of
magnetic field), one can see that after a certain time observers detect an increase
of the magnetic field and density at about the same time (see dashed and dotted
lines). Such shock-like structures occur also in observational data, see Figs. 5.12
and 5.13.
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Figure 5.3: Plots of the normalized density, velocity, magnetic field and polar
component of the magnetic field. The Solid line shows the values recorded by
a virtual observer placed at R = 196, the dashed line corresponds to the data
detected by a virtual observer situated at R = 225 and the dotted line represents
the quantities measured by a virtual observer that is located at R = 250. These
plots correspond to the run 1 (V0 = 15, ω = 0, B0out = 40000/R2).

From the results shown in Figs. 5.6-5.8 one can conclude that when the velocity
of the MC is close to the velocity of the background flow, the MC expands
symmetrically and maintains a cylindrical shape. The plasma density inside the
MC decreases during the evolution as the MC slowly expands, and no shock-like
can also be found.

The graphs shown on Figs. 5.9-5.11 reveal that when a MC moves with a speed
higher than that of the background solar wind, a comparatively denser, shock-like
structure appears in front of the MC and the MC expands asymmetrically and the
region with high magnetic field does not fit the region with lower density exactly.
Comparison of the upper left and bottom left panels of Fig. 5.9 (density and
absolute value of magnetic field) shows, that after a certain time observers detect
an increase of magnetic field and density at about the same time (see dashed and
dotted lines).

One also can see that the profile of the magnetic field strength evolves
asymmetrically, which could be explained by the fact that the MC expands and,
while an observer crosses this structure, the magnetic field inside the MC does not
stay constant, but decreases in time. Notice that very similar features are present
in real observations, as exemplified e.g. in Figs. 5.12 and 5.13. One can also see
that due to an increase of the MC’s radius, an observer detects that the front parts
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Figure 5.4: Cuts along the meridional plane (ϕ = 0.03π) for run 1, displaying
snapshots for the normalized values of absolute magnetic field (top row), mass
density (middle row), and absolute velocity (bottom row) at times t = 0 (left
column), t = 2 (middle column), and t = 4 (right column). The MC’s initial
velocity was V 0 = 15 (i.e. lower than that of the ambient plasma), and no internal
rotation was applied.
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Figure 5.5: The same situation as depicted in Fig.5.4 (run 1, V 0 = 15, ω = 0,
B0out = 40000/R2), except that the cut is in the equatorial plane.
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Figure 5.6: The same type of data display as Fig.5.3 for run 2, where the MC’s
initial velocity was V 0 = 20 (i.e. equal to that of the ambient plasma).

of the MCs propagate with a higher velocity than their back regions. This feature
is also observed in real data, see e.g. Nakwacki et al. (2008).

From the results it is obvious that initially, in all three cases, an observer should
detect the following main signatures of a magnetic cloud: 1) a decrease of the
plasma density, 2) an increase of the magnetic field strength, and 3) a rotation
of the magnetic field inside the MC. One sees that during the evolution not all
magnetic structures maintain these main features of a MC. As a matter of fact,
in the cases when the velocity of the magnetic structure differs much from the
velocity of the background flow, the regions of lower density and higher magnetic
field evolve in time in different manners, see Figs. 5.3-5.5 and Figs. 5.9-5.11. Only
those structures that move with a velocity close to the velocity of the background
flow maintain the above mentioned signatures of MCs.

Figures 5.5, 5.8 and 5.11 display contour plots of the absolute value of the magnetic
field strength and the plasma density in the equatorial plane. One can see that
the curvature of the MC’s axis changes slightly during its evolution.

One further finds that obtained results presented in Figs. 5.3-5.11 resemble the
features of real observations (see e.g. Figs. 5.12-5.13) not only qualitatively, but
also quantitatively. Both in the here presented numerical simulation results and
in the observational data we see not only an increase of magnetic field inside the
MC, a decrease of the plasma density and a substantial rotation of the magnetic
field, but moreover, one can indeed see that the values of the physical variables
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Figure 5.7: The same type of data display as Fig.5.4 for run 2, where the MC’s
initial velocity was V 0 = 20 (i.e. equal to that of the ambient plasma).
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Figure 5.8: The same type of data display as Fig.5.5 for run 2, where the MC’s
initial velocity was V 0 = 20 (i.e. equal to that of the ambient plasma).
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Figure 5.9: The same type of data display as Fig.5.3 for run 3, where the MC’s
initial velocity was V 0 = 30 (i.e. higher than that of the ambient plasma).

obtained from simulations are close to the values detected by real spacecraft. One
also sees that both for virtual observers and for a real spacecraft, the crossing of
an MC takes about 1 to 2 days.

5.3.3 Rotating MCs

Figures 5.14-5.17 show the MC properties in the case when the rotation of the MC
around its axis is taken into account. In Figs. 5.14 and 5.15 this is done for the case
when the background magnetic field direction coincides with the direction of the
solar wind velocity, while Figs. 5.16 and 5.17 illustrate the case when the direction
of the magnetic field is opposite to the direction of the solar wind velocity.

In Figs. 5.15 and 5.17 one could see both in front of and at the rear of the MC
peaks of density and magnetic field in front. When the MC rotates around its axis,
a centrifugal force appears and causes centrifugal motion of matter. One could
expect an accumulation of mass at the edges of the MC and due to the frozen-in
condition the magnetic field also moves and accumulates with the plasma.

On those panels where the polar component of the magnetic field (Bθ) is shown,
one can see that the rotation of the MC causes a bending of the ambient magnetic
field lines. For instance, in the case of a north-south rotation and when the
background magnetic field direction coincides with the direction of solar wind
velocity, one can see that in front of the MC, Bθ becomes negative. (See the
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Figure 5.10: The same type of data display as Fig.5.4 for run 3, where the MC’s
initial velocity was V 0 = 30 (i.e. higher than that of the ambient plasma).
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Figure 5.11: The same type of data display as Fig.5.5 for run 3, where the MC’s
initial velocity was V 0 = 30 (i.e. higher than that of the ambient plasma).
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Figure 5.12: Measurements of a magnetic cloud made with the WIND spacecraft
(Burlaga et al. 1998).
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Figure 5.13: The October 18, 1995 magnetic cloud, indicating a shock and shock-
like regions preceding and following the event (Lepping et al. 1997).
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Figure 5.14: The same type of data display as Fig.5.3 for run 4a (V0 = 20, ω = 0.05,
B0out = 40000/R2).

bottom right panel in Fig. 5.14 and panel a in Fig. 5.20). On Fig. 5.20 it is
assumed that solar wind blows from right to left.

In the case of a south-north rotation, near the backside of the MC there appears a
positive polar component of the magnetic field (see bottom left Panel in Fig. 5.15
and panel b) in Fig. 5.20). When the magnetic field direction in the solar wind
is opposite to the solar wind velocity direction, in the case of a MC’s north-south
rotation, the ambient magnetic field line bending (bottom right Panel in Fig. 5.16)
causes the appearance of a positive polar component of the magnetic field near
the rear edge of the MC (see also panel d) in Fig. 5.20), while in the case of a
south-north rotation of the MC (bottom right Panel in Fig. 5.17), in front of the
MC there appears a negative polar component of the magnetic field (see also panel
c) in Fig. 5.20). If from observations features similar to those described in this
subsection would be detected, this could be considered as a signature of an MCs
rotation around its axis.



98 INVESTIGATION OF THE DYNAMICS OF MAGNETIC CLOUDS BY A NUMERICAL APPROACH

0 2 4 6
0

0.5

1

1.5

t

ρ

Density

0 2 4 6
16

18

20

22

24

26

t

V

Absolute value of velocity

0 2 4 6
0

1

2

3

4

t

B

Absolute value of magnetic field

0 2 4 6
−2

−1

0

1

2

t

B
θ

Polar component of magnetic field

Figure 5.15: The same type of data display as Fig.5.3 for run 4b (V0 = 20, ω =
−0.05, B0out = 40000/R2).
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Figure 5.16: The same type of data display as Fig.5.3 for run 4c (V0 = 20, ω = 0.05,
B0out = −40000/R2).
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Figure 5.17: The same type of data display as Fig.5.3 for run 4d (V0 = 20, ω =
−0.05, B0out = −40000/R2).

Figure 5.18: Sketch of the computational volume with the global, Sun-centered
(x, y, z) system, and the MC (cylinder with z̄ axis and exemplary field lines) in the
ecliptic plane.
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Figure 5.19: Illustration of the components of the MC’s velocity.
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Figure 5.20: Illustration of the bending of a magnetic field line due to the rotation
of the flux rope.



Chapter 6

Nederlandtalige samenvatting
en besluit

In het eerste deel van deze thesis werden dynamische processen bestudeerd in
de magnetosfeer van roterende, gemagnetizeerde astrofysische objecten. In het
tweede hoofdstuk bestudeerden we de dynamica van elektrisch geladen deeltjes
die bewegen langsheen de veldlijnen van een magneetveld dat is verankerd of
’ingevrozen’ in het roterende centrale object.

In Sectie 2.2 werd het werk van Machabeli & Rogava (1994) veralgemeend.
Machabeli & Rogava (1994) beschouwden de beweging van een relativistisch deeltje
langsheen een roterende, rechte magnetische veldlijn. In Sectie 2.2 daarentegen
werd de beweging van een geladen deeltje langsheen een gekromde magnetische
veldlijn beschouwd. Een belangrijk verschil met het geval van een rechte ‘pijplijn’,
dat bestudeerd werd door Machabeli & Rogava (1994), is dat voor het geval van een
gekromde pijplijn, de ’kraal’ (cf. de ‘kraal-op-een-kabel’-benadering) niet langer
radieel begrensd is, m.a.w. er bestaan bewegingspatronen waarin de kraal tot in
het oneindige kan doorgaan. Dit resultaat heeft een eenvoudige fysische verklaring.
In het geval van een lineaire pijplijn die roteert met een constante hoeksnelheid ω0,
wordt de natuurlijke limiet van de readiële beweging bepaald door de straal van de
lichtcilinder, gedefinieerd als RL ≡ ω−1

0 . Nu echter, in het geval van een gekromde
pijplijn, zelfs wanneer die met dezelfde constante snelheid roteert, kan de kraal
in de azimutale richting verschuiven, langsheen de kromming van de pijplijn en
met een variabele hoeksnelheid Ω(t). Dit betekent dat de rol van de effectieve
lichtcilinder nu gespeeld wordt door RL = Ω(t)−1, en bijgevolg worden alle radiële
afstanden waarvoor r(t) < RL(t) bereikbaar. De kraal kan daardoor tot in het
oneindige doorgaan als r(t) en RL(t) beide monotoon stijgende functies zijn, maar
waarbij de eerste altijd kleiner blijft dan de laatste. Dit is evident zo in het geval
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van de beschouwde voorbeelden van een spiraal van Archimedes.

Bovendien werd aangetoond dat er speciale functies bestaan die krachtvrij blijven
tijdens de hele beweging. Dit zijn eenvoudige geodeten in een tweedimensionale
metriek (2.15). In het assenstelsel van het laboratorium is de beweging van de
kraal in dit geval radieel, want de hoeksnelheid Ω(t) blijft de hele tijd gelijk aan
nul en de lichtcilinder bevindt zich dus al van in het begin op oneindig. De vorm
van de trajectorie in het roterende assenstelsel is in dit geval φ(r) = −(υ0/ω0)r,
een eenvoudig spoor dat een vrij bewegende kraal zou achterlaten op het oppervlak
van de roterende schijf tijdens haar geodetische beweging. Het is intüıtief evident
dat, als de pijplijn deze bijzondere vorm heeft, de kraal er vrij in kan verschuiven,
zonder interactie met de wanden van de pijplijn.

In Sectie 2.3 wordt de invloed bestudeerd van de zelf-uitgoefende stralingsreac-
tiekracht op de dynamica van de relativistische, geladen deeltjes. De gevallen
waarin de stralingsreactiekracht een belangrijke rol speelt in de dynamica van
de geladen deeltjes werden bepaald. De stralingsreactiekracht kan namelijk een
centripetale beweging van het deeltje veroorzaken en kan er zelfs toe leiden dat
het deeltje uiteindelijk op het roterende centrum ’valt’.

Bovendien blijkt dat er voor centrifugaal versnelde deeltjes die onderworpen zijn
aan zelf-uitgoefende stralingsreactiekrachten, verzamelingen bestaan van stabiele
evenwichtsoplossingen. Op deze locaties is de stralingsreactiekracht precies in
evenwicht met de centrifugale kracht, hetgeen een radiële beweging van de deeltjes
uitsluit. Merkwaardig genoeg bestaan dergelijke stabiele evenwichtsposities (r =
rst) voor arbitraire waarden van de stralingsreactiekracht en de locatie van de rst

hangt niet af van de beginvoorwaarden! Integendeel, de uiteindelijke waarde van
de rst wordt exclusief bepaald door de waarde van de lading van het deeltje en de
vorm van het voorgeschreven trajectorie van het deeltje.

Het bestaan van stabiele evenwichtslocaties voor centrifugaal versnelde deeltjes
leidt tot de volgende conclusie die belangrijk is voor de astrofysica: in
roterende magnetosferen van relativistische objecten kan de balans tussen de
stralingsreactiekrachten en de centrifugale krachten leiden tot een concentratie
van plasma op bepaalde afstanden rst van het centrale object.

We vonden ook dat in die gevallen waarin een deeltje naar oneindig ontsnapt,
de stralingsreactiekracht gradueel verwaarloosbaar wordt en de beweging van
het deeltje asymptotisch naar een kracht-vrije beweging neigt. Dit regime voor
geladen deeltjes lijkt sterk op het regime dat eerder werd bestudeerd voor neutrale,
centrifugaal versnelde deeltjes door Rogava et al. (2003). In beide gevallen bewegen
de deeltjes op oneindig met constante snelheden. Men kan zien dat de centrifugale
krachten, ondanks de aanwezigheid van stralingsreactie, deeltjes effectief kunnen
versnellen en aan oneindig uitleveren.

Het model dat in dit hoofdstuk werd beschouwd was sterk gëıdealizeerd, met
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een aantal vereenvoudigende aannamen: de ’kraal-op-een-kabel’-benadering werd
toegepast, we bestudeerden enkel de dynamica van één enkel deeltje, we
veronderstelden dat de hoeksnelheid van de rotator constant is, en deze studie
was beperkt tot het vlakke, twee-dimensionale (2-D) geval. Bovendien waren
de verkregen resultaten gebazeerd op de fenomenologische uitdrukking voor de
stralingsreactiekracht, zoals gesuggereerd werd door Spohn (2000) en Rohrlich
(2001). Maar, ondanks de beperkingen van de beproken studie, hopen we toch dat
de voorgestelde analyse en de verkregen oplossingen een verhelderende licht doen
schijnen op de rol van stralingsreactiekrachten in de processen van relativistische,
centrifugale versnelling van deeltjes door roterende magnetosferen. Men gelooft
dat deze processen plaatsvinden in astrofysische objecten (namelijk pulsars en
TeV Blazars) die gekarakterizeerd worden door hoog-energetische emissie en sterk
relativistische snelheden van de betrokken astrofysische plasmastromingen. We
geloven dat de analyse van de verkregen resultaten en verder onderzoek in
deze aard de mogelijkheid biedt tot het verwerven van een beter begrip van
de transformatie van de rotationele energie van de betrokken astronomische
objecten (AGNs, pulsars) in kinetische energie van de plasmastromingen die erdoor
geëjecteerd en ondersteund worden.

Terwijl in het tweede hoofdstuk de dynamica van een enkel deeltje werd onderzocht,
werd in hoofdstuk 3 de transformatie bestudeerd van de rotationele energie van
het centrale object in energie van het plasma in de magnetosfeer. Zoals reeds
werd vermeld, is de enige bron die de energie voor de straling kan aanleveren het
vertragen van de pulsar. Men denkt dat de instabiliteit operationeel is als de
overeenkomstige vergroting van de rotatieperiode niet kleiner is dan de tijdsschaal
van het verlies van rotationele energie.

Het groeiritme van de instabiliteit nabij de lichtcilinder werd onderzocht, omdat
de centrifugale versnelling het meest efficiënt zou moeten zijn in dit gebied.
Via een lineaire analyse werd gevonden dat voor een bepaalde verzameling van
parameterwaarden, de toename een waarde bereikt die vele grootte-ordes groter is
dan typische waarden van het ritme van het verlies van rotationele energie van de
pulsar. Het lineaire stadium zal dus kort zijn in tijd, hetgeen het belang aantoont
van het niet-lineaire regime van het fenomeen. De nood aan een niet-lineaire
saturatie kan gezien worden uit het feit dat de Br-component, die verantwoordelijk
is voor het ’twisten’ van de magnetische veldlijnen, oscilleert. Dankzij deze
oscillatie zal Br niet alleen achterlopen op de rotatie, hetgeen fysisch redelijk
is, maar er ook op vooruitlopen. Daarom is de noodzaak van een niet-lineaire
saturatie van het groeiritme van de instabiliteit essentieel. Anderzijds moeten
de veldlijnen, nabij het oppervlak van de lichtcilinder, initieel achterlopen op de
rectilineaire configuratie, zoniet zou het causaliteitsprincipe niet van kracht zijn.
Algemeen kan worden gesteld dat in het lineaire regime de veldlijnen verschillende
initiële fases kunnen hebben, waarvan er één kan overeenstemmen met een afname
en een andere met een toename van de kromming. In het eerste geval zal de veldlijn
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verder rechter worden, neigende naar een volledig rechte configuratie, hetgeen het
effect volledige teniet zou doen. De situatie is anders wanneer de initiële fase
van de verstoring een kromming maakt die toeneemt. In dat geval komt er geen
einde aan het proces tot niet-linaire effecten het doen stoppen. Daarom zal elke
initiële kleine verstoring snel toenemen in de tijd en dankzij dit instabiliteitsproces
zal er energie uit de achtergrondstroming getrokken worden en in de energie van
elektromagnetische golven gepompt worden.

De analyse toonde het belang aan van het niet-lineaire stadium in de dynamica
van de instabiliteit. Het is daarom essentieel hetzelfde probleem ook numeriek te
bestuderen door het aanpassen van een speciaal relativische MHD code, hetgeen
weer realistischer is, m.a.w. weer een stap dichter bij het echte scenario.

In het tweede gedeelte van deze thesis werden dynamische processen bestudeerd in
de zonnewind. In het bijzonder werd de dynamica onderzocht van interplanetaire
magnetische wolken en vooral hun interactie met de omgeving waarin ze zijn
ingebed, werd bestudeerd.

In Sectie 4.2, werden de stationaire (tijds-afhankelijke) oplossingen voor het
magneetveld en de plasma stromingssnelheid rond een cilindrische magnetische
wolk, afgeleid door Romashets & Poedts (2007), veralgemeend, namelijk door meer
algemene verstoringen van het omringende magneetveld te beschouwen. Terwijl
in de studie van Romashets & Poedts (2007) het geval beschouwd werd van
een verstoring van een omringend magneetveld die afneemt met r−3 vanaf de
as van de magnetische wolk, werd in Sectie 4.2 van deze thesis, een klasse van
magneetveldverstoringen onderzocht die afnemen met r−k, waarbij de parameter
k de sterkte bepaalt van de invloed van de beschouwde magnetische wolk op
het omringende magneetveld. De distributie van de plasmadichtheid rond de
magnetische wolk werd afgeleid en gëıllustreerd door gebruik te maken van de
formules gegeven door Romashets & Poedts (2007). Het werd echter opgemerkt
dat men voorzichtig moet zijn want niet elke verzameling van vrije parameters
leidt tot een fysisch consistente oplossing, en de juiste waarden voor V0 en V 0

1
werden bepaald voor het geval k = 1.

Hoe hoger de waarde van k, hoe kleiner of minder uitgebreid de vertoring is rond
de magnetische wolk. Het werd berekend en gëıllustreerd hoe de waarde van de
parameter k de configuratie bëınvloed en de magnitude van het magneetveld en
ook het snelheidsveld bepaalt rond een cilindrische magnetische wolk die behandeld
werd als een supergeleider (zie Figs. 4.1-4.2).

Merk op dat verschillende waarden van de modelparameter k overeenstemmen met
verschillende regimes van elektrische stroom. Bijvoorbeeld, wanneer k = 2 dan is
de plasmastroming rond een cilindrische supergeleider met Bz = 0 stroomvrij.
Hetzelfde is waar rond een sferische supergeleider, een andere uitbreiding van de
vorige analyse die ook bestudeerd werd in het tweede deel van deze thesis. Een
derde uitbreiding die werd beschouwd, omvat een studie van de aard van de plasma
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stromingsparameters rond een radieel expanderende cilindrische magnetische wolk,
in plaats van een stationaire stroming rond een magnetische wolk met een vaste
straal.

In Sectie 4.3 werd een gedetailleerde afleiding weergegeven van de zelfgelijkende
analytische oplossingen van de MHD-vergelijkingen voor radieel en axiaal ex-
panderende magnetische wolken. Het gebruik van de zelfgelijkende benadering
is vrij gebruikelijk in de modellering van verschillende soorten van solaire
plasmastructuren, stromingen en erupties (Low 1982, Osherovich 1993, Farrugia
et al. 1995, Nakwacki et al. 2008, Shapakidze et al. 2010). In de meeste vorige
studies werd echter enkel de radiële expansie van de magnetische wolk beschouwd.
In Sectie 4.3 werd ook de axiale expansie van de magnetische wolken in rekening
gebracht, hetgeen een veelvoorkomend observationeel kenmerk is van een aantal
magnetische wolken. Expliciete analytische oplossingen werden bekomen voor het
magneetveld, de plasmasnelheid, de dichtheid en de plasmadruk. De oplossingen
die voorgesteld werden in Sectie 4.3, zijn essentieel volledig en goed gedefineerd,
en volledig analytisch. Bovendien stemmen de verkregen oplossingen, in het
bijzondere geval van de afwezigheid van longitudinale expansie, goed overeen met
de analytische oplossingen afgeleid door andere auteurs (Farrugia et al. 1995).

Merk op dat de aanname van zelfgelijkendheid, en ook de axiale en azimutale
symmetrie, voor de klasse van oplossingen ingevoerd door Eq. (4.53a-4.53d) leidt
tot het feit dat Φ(t), de tijdsafhankelijke functie van de zelfgelijkende variabele ξ =
r/Φ(t), een lineaire functie is van de tijd: in dit geval kunnen de krachten binnen
de magnetische wolken in evenwicht gebracht worden. Men kan besluiten dat het
geval waarin de magnetische structuren gekarakterizeerd worden door een lage
plasma-β, overeenstemt met het krachtvrije magneetveld. Ook dit resultaat is in
overeenstemming met conclusies van eerdere studies. We zijn ervan overtuigd dat
dit een correcte en goed tijdsafhankelijke veralgemening is van het wijdverspreide
en -gebruikte stationaire Lundquist model (Lundquist 1950). Merk op dat Vandas
et al. (2006, 2009) in hun artikels een vergelijking maakten van het veralgemeende
Lundquist model met observaties en daarbij goede overeenkomsten vonden tussen
dit klassieke model en de experimentele data.

In het vijfde hoofdstuk werd de dynamica van interplanetaire magnetische wolken
numeriek bestudeerd. In Sectie 5.1 werden de analytische oplossingen bekomen
in Sectie 4.3, gëıntroduceerd als beginvoorwaarden in de 1-D numerieke code
Graale. De bekomen numerieke resultaten toonden aan dat tijdens de evolutie en
voortplanting van de magnetische wolken, hun fysische variabelen hun zelfgelijkend
karakter behouden. Dit gegeven werd gëıllustreerd door Fig. 5.1 en Fig. 5.2.

In Sectie 5.2, implementeerden we de analytische oplossingen die we bekwamen in
Sectie 4.3 als beginvoorwaarden in een 3-D numerieke code. We beschouwden
de radiële beweging van de magnetische wolk, gesuperponeerd op een radiële
achtergrondstroming. We stelden resultaten voor die de evolute beschrijven van de
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magnetische wolken in drie verschillende gevallen: a) wanneer de globale snelheid
van de magnetische wolk kleiner is dan de snelheid van de achtergrondstroming,
b) wanneer de snelheid van de magnetische wolk gelijk is aan die van de
achtergrond-zonnewind, en c) wanneer de magnetische wolk sneller beweegt dan
de haar omringende zonnewind.

We vonden dat de resultaten van onze numerieke simulaties in goede kwalitatieve
en ook kwantitatieve overeenstemming zijn met de waarnemingen. Het werd
aangetoond dat enkel de structuren die bewegen met een snelheid die dicht bij
de snelheid van de achtergrondstroming ligt, de voornaamste kenmerken van
de magnetische wolken behouden en we kunnen stellen dat de solaire erupties
die bewegen met een snelheid ongeveer gelijk aan die van de zonnewind kunnen
gëıdentificeerd worden als magnetische wolken.

Vandas et al. (2009) vergeleken observationele gegevens met gelijkaardige resul-
taten, ook verkregen door een analytische benadering, en vonden dat ze in goede
overeenstemming waren. In dit werk gebruikten de auteurs dezelfde functies als
wij gebruikten in deze studie als beginvoorwaarden. Aangezien onze numerieke
resultaten de observaties fitten voor verschillende tijdstippen, kunnen we verder
besluiten dat in een bepaald geval, namelijk wanneer de globale snelheid van de
magnetische wolk ongeveer gelijk is aan de snelheid van de achtergrondstroming,
de magnetische wolk zelfgelijkend evolueert.

We bestudeerden ook gevallen waarbij de rotatie van de magnetische wolk rond
haar as in rekening werd gebracht. Het werd aangetoond dat de centrifugale
kracht tot een opeenhoping leidt van materie en magneetveld aan de randen van
de magnetische wok. De rotatie van een magnetische wolk kan ook een afbuiging
teweegbrengen van de veldlijnen van het achtergrondmagneetveld.

Hoewel de numerieke simulaties tot interessante resultaten leidden die direct
konden vergeleken worden met waarnemingen, moeten we toegeven dat het
voorgestelde model enkele idealizaties bevat. Eerst en vooral hebben we een
’voorbereide’ achtergrondstroming ingevoerd, m.a.w. we implementeerden vooraf
een stroming die gekarakterizeerd wordt door een uniforme radiële snelheid, een
radiëel magneetveld en een sferisch symmetrische verdeling van de plasmadichtheid.
Het zou interessant kunnen zijn om te starten met simulaties van de zonnewind
vanaf bepaalde beginvoorwaarden en de magnetische wolk slechts later te
implementeren, wanneer de zonnewind een stabiele stationaire toestand heeft
bereikt. Ten tweede beschouwden we magnetische wolken als cilindrische en
symmetrische structuren. Het zou interessant zijn om ook de evolutie te bestuderen
van een aantal meer complexe magnetische structuren, bijvoorbeeld torussen,
sferen, ellipsöıdes en ook structuren die verbonden blijven met de zon tijdens
hun expansie.

Bovendien werd de magnetische wolk in onze studie initieel ver weg van de zon
gelocalizeerd en had ze initieel een zekere snelheid. Het zou nuttig zijn om de
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zelf-consistente evolutie te bestuderen van een eruptie op de zon die start op het
oppervlak van de zon en ze te volgen tot ze aankomt op 1 AE.

We hebben enkel de kenmerken vergeleken van gesimuleerde magnetische wolken
met waargenomen magnetische wolken in het geval van niet-roterende magnetische
wolken. We plannen in de nabije toekomst ook een vergelijking van onze numerieke
resultaten met de waarnemingen in het geval van roterende magnetische wolken.
We willen ook de dynamische evolutie bestuderen van magnetische wolken in
verschillende types van achtergrondstroming. Bovendien zijn we erg gëınteresseerd
in een numeriek onderzoek van de interactie tussen verschillende magnetische
structuren: naast magnetische wolken is er ook een andere klasse van solaire ejecta,
namelijk ‘complexe ejecta’ gëıdentificeerd. Terwijl de meeste magnetische wolken
geassocieerd zijn met een enkele CME, kunnen complexe ejecta meerdere bronnen
hebben. Men kwam namelijk tot het besluit dat sommige van de complexe ejecta
wellicht geproduceerd werden door de interactie van twee of meer halo CMEs
(Burlaga et al. 2002).



Chapter 7

Conclusions

In the first part of the present thesis, dynamical processes in the magnetosphere of
rotating, magnetized astrophysical objects have been investigated. In the second
chapter, we studied the dynamics of charged particles moving along the field lines
of a magnetic field that is frozen in the rotating central object.

In Section 2.2, the previous work of Machabeli & Rogava (1994) was generalized.
Machabeli & Rogava (1994) considered the motion of a relativistic particle along a
rotating, straight magnetic field line. In Section 2.2, the motion of a charged
particle along a curved magnetic field lines was considered. One important
difference from the linear pipe case studied by Machabeli & Rogava (1994), is
that for the case of a curved pipe the motion of the bead is not any more radially
bounded, i.e. there exist regimes of motion in which the bead may reach infinity.
This result has a simple physical explanation. For the case of the linear pipe,
rotating with a constant angular velocity ω0, the natural limit of the radial motion
is given by the light cylinder radius, defined as RL ≡ ω−1

0 (hypothetical place,
where the linear angular velocity is equal to speed of light). Now, in the case of a
curved pipe, even when it rotates with the same constant rate, the bead can slide in
the azimuthal direction, following the curvature of the pipe and having a variable
angular velocity Ω(t). This means that now the role of the effective light cylinder
is played by RL = Ω(t)−1, and, hence, all those radial distances become accessible,
where r(t) < RL(t). Therefore, if both r(t) and RL(t) are monotonically increasing
functions, but the former stays always smaller than the latter (evidently this was
the case in the considered examples for the Archimedean spiral), then the bead can
reach infinity. Moreover, it was found that there are special solutions, which are
force-free during the whole course of the motion. These are simply geodesics in the
two-dimensional rotating metric (2.15). In the laboratory frame the motion of the
bead in this case is radial, because its angular velocity Ω(t) stays zero all the time
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and, correspondingly, the light cylinder is at the infinity from the very beginning.
The form of the trajectory in the rotating frame in this case, φ(r) = −(υ0/ω0)r, is
simply that trace that a free bead could leave on the surface of the rotating disk
during the course of its geodesic motion. Intuitively, it is evident that, if the pipe
has this particular form, the bead slides within it freely, without interaction with
the walls of the pipe.

In Section 2.3, the influence of the self-exerted radiation reaction force on the
dynamics of the relativistic charged particles was investigated. The cases where
radiation reaction (RR) force plays an important role in the dynamics of the
charged particle were determined. Namely, the RR force can cause a centripetal
motion of the charged particle and can lead to its ultimate “fall” on the rotating
center.

Furthermore, it turns out that for centrifugally accelerated particles, subject to
self-exerted RR forces, there exist sets of stable equilibrium positions. At these
locations, the RR force balances the centrifugal force, precluding any radial motion
of the particles. Remarkably, these equilibrium positions (r = rst) exist for
arbitrary values of the RR force and the location of the rst does not depend on the
initial conditions! Instead, the actual value of the rst is exclusively determined by
value of the particle charge and by the shape of the particle’s prescribed trajectory.

The existence of stable equilibrium locations for centrifugally accelerated particles
leads to the following, astrophysically important conclusion: in rotating magneto-
spheres of relativistic objects, the balance between the RR and centrifugal forces
may lead to a plasma concentration at certain distances rst from the central object.

Besides, it was found that in those cases where a particle escapes to infinity, the
RR force gradually becomes negligible and the particle’s motion tends to become
asymptotically force-free. This regime for charged particles closely resembles the
one that was previously studied for the case when radiation reaction force was
neglected, centrifugally accelerated particles (Rogava et al. 2003). In both cases,
at infinity, the particles move radially, with constant velocities. One can see that,
despite the presence of the radiation reaction, centrifugal forces can effectively
accelerate particles and deliver them to infinity.

The model considered in this chapter is highly idealized, incorporating a number of
simplifying assumptions: the “bead-on-the-wire” approximation was used, we have
only studied the dynamics of a single particle, we have assumed that the angular
velocity of the rotator is constant, the presented study was restricted to the flat,
two-dimensional (2-D) case. Besides, the obtained results are based on the use of
the phenomenological expression for the RR force, as suggested by Spohn (2000)
and Rohrlich (2001). However, despite the restrictions of the present study, we do
hope that the presented analysis and the obtained solutions shed some light on
the role of the RR forces in the processes of relativistic, centrifugal acceleration of
particles by rotating magnetospheres. These processes are believed to take place in
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astrophysical objects (viz. pulsars, TeV Blazars) characterized by highly energetic
emission and highly relativistic speeds of the involved astrophysical plasma flows.
We believe that the analysis of the obtained solutions and further research in this
vein may open the possibility for a better understanding of the transformation of
the rotational energy of the related astronomical objects (AGN, pulsars) into the
kinetic energy of ejected plasma flows emanated and sustained by them.

The mechanical model introduced in Chapter 2 is highly idealized: we have used
the “bead-on-wire” approximation and we have investigated the dynamics of a
single particle only. Moreover, we have assumed that the angular velocity of the
rotator is constant, i.e. that it is an external source of energy. The claim that the
expression for the RR force suggested by Spohn and Rohrlich is exact, needs a
careful examination.

In the near future, we would like to investigate the dynamics of charged particles
in realistic electromagnetic fields, created by a rotating star and magnetospheric
plasmas.

While in the second chapter the dynamics of the single particle was investigated, in
the third chapter the transformation of the rotational energy of the central object
into the magnetosphere plasma energy was studied.

As it was already mentioned, the only source that may provide energy for radiation
is the slowdown of the pulsar. The instability is thought to be operative if the
corresponding increment is not less than the time scale of rotational energy loss.

The instability growth rate nearby the light cylinder has been investigated, because
the centrifugal acceleration should be most efficient in this region. By a linear
analysis it was found that for some set of parameters the increment reaches a value
which is more, by many orders of magnitude, than typical values of the pulsar’s
rotational energy loss rate. Thus, the linear stage will be very efficient and short
in time, strongly indicating the nonlinear regime of the phenomenon. A need of
nonlinear saturation is seen also from the fact that Br, which is responsible for
the twisting of the magnetic field lines, oscillates. Due due to this oscillation, Br

not only will lag behind the rotation, which is physically reasonable, but also will
advance it. Therefore, the need for nonlinear saturation of the instability increment
is essential. On the other hand, nearby the light cylinder surface, initially the
field lines must lag behind the rectilinear configuration, otherwise the causality
principle brakes. Generally speaking on the linear regime, the field lines may have
different initial phases, one of which may correspond to a decrease, and the other
to an increase of the curvature. In the first case, the field line will continue to
rectify, tending to a straight configuration, which will completely kill the effect.
The situation is different when the initial phase of the perturbation makes the
curvature to increase. In this case, the process will not end until the nonlinear
effects stop it.
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Therefore, any initially created small perturbations will rapidly increase in time
and thanks to the instability process, it will extract energy from the background
flow into the energy of electromagnetic waves.

The analysis indicated the importance of the nonlinear stage in the dynamics of
the instability. Therefore, it is essential to study the same problem in the future
numerically by implementing a special relativistic MHD code, which will comprise
one more step closer to the real scenario.

In the second part of this thesis, dynamical processes in the solar wind were
investigated. In particular, the dynamics of the interplanetary magnetic clouds
and their interaction with the ambient environment was studied.

In Section 4.2, the steady (time-independent) solutions for the magnetic field
and plasma flow velocity around a cylindrical MC as derived by Romashets &
Poedts (2007) were generalised, viz. by considering more general distortions of the
ambient magnetic field. While in study of Romashets & Poedts (2007) the authors
considered the case of a distortion of an ambient magnetic field decreasing with
r−3 from the MC axis, in Section 4.2 of the present thesis, a class of magnetic
field distortions decreasing with r−k were investigated, where the parameter k
determines the strength of the influence of the considered MC on the surrounding
ambient magnetic field. The distribution of the plasma density around the MC was
derived and illustrated using the formulas given by Romashets & Poedts (2007).
It was remarked, however, that care has to be taken because not every set of free
parameters leads to a physically consistent solution, and the right values for V0
and V 0

1 have been determined in the case of k = 1.

The higher the value of k, the smaller or the less extensive the distortion around the
MC. It was calculated and illustrated how the value of the parameter k influences
the configuration and magnitude of the magnetic field as well as the velocity field
around a cylindrical MC treated as a superconductor (see Figs. 4.1-4.2).

Note that different values of the model parameter k correspond to different
current regimes. For example, when k = 2 the plasma flow around a cylindrical
superconductor with Bz = 0 is current free. The same is true around a spherical
superconductor, another extension of the previous analysis that was studied as
well. A third extension that was considered involved a study of the character of
the plasma flow parameters around a radially expanding cylindrical MC, instead
of a steady flow around a MC with a fixed radius.

In the Section 4.3, a detailed derivation of the self-similar analytic solutions of
the MHD equations for both radially and axially expanding MCs was presented.
The usage of the self-similar approach is quite common for the modeling of various
kinds of solar plasma structures, flows and eruptions (Low 1982, Osherovich 1993,
Farrugia et al. 1995, Nakwacki et al. 2008, Shapakidze et al. 2010). In most of the
previous studies, however, only the radial expansion of the MCs was considered.
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In Section 4.3, also the axial stretching of the MCs has been taken into account,
which is a common observed feature of at least some MCs. The explicit analytical
expressions for the magnetic field, the plasma velocity, the density and the plasma
pressure were obtained. Essentially, solutions presented in Section 4.3 are complete
and well-defined, fully analytic. Moreover, in the particular case of the absence
of a longitudinal expansion, the obtained solutions match the analytic solutions
derived by other authors (Farrugia et al. 1995).

Note that the assumption of self-similarity, as well as the axial and azimuthal
symmetries for the class of solutions introduced by Eq. (4.53a-4.53d) lead to the
fact that Φ(t), which is the time dependent function of the self-similar variable
ξ = r/Φ(t), is a linear function of time: in this case, the forces within the MCs
are bound to be balanced. One can conclude that the case, where magnetic
structures are characterized by a low plasma-β, corresponds to the force-free
magnetic field. This result is also in agreement with previous studies. We believe
that this is a correct and proper time-dependent generalization of the widely used
stationary Lundquist model (Lundquist 1950). Note also that in their papers
Vandas et al. (2006, 2009) made a comparison of the generalized Lundquist model
with observations and found good agreements between this classic model and the
experimental data.

In Section 4.2, we studied the physical variables around the MCs, while in the
Section 4.3, we investigated the plasma parameters inside the MCs. In the near
future, we plan to investigate the interaction of a MC with its environment by
constructing consistent solutions of the MHD equations outside the MC.

In the fifth chapter, the dynamics of the IP magnetic clouds was studied
numerically. In Section 5.1, the analytical solutions obtained in Section 4.3 were
introduced as initial conditions in the 1-D numerical code Graale. The obtained
numerical results showed that during the evolution and propagation of these MCs,
their physical variables maintained their self-similar character. This circumstance
was illustrated by Fig. 5.1 and Fig. 5.2.

In Section 5.2, we implemented the analytical solutions obtained in Section 4.3 as
initial conditions in a 3-D numerical code. The radial motion of the MC superposed
on a radial background flow was considered. We presented the results describing
the evolution of the MCs for three different cases: a) when the bulk velocity of
the MC is less than the velocity of the background flow, b) when the MC velocity
is equal to the velocity of the background solar wind, and c) when the MC moves
faster than the ambient solar wind.

We found that the results of our numerical simulations are in good qualitative as
well as quantitative agreement with the observations. It was shown that only the
structures that move with a velocity close to the velocity of the background flow
maintain the main signatures of the MCs and we could state that solar eruptions
moving with a velocity close to the solar wind velocity can be identified as magnetic
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clouds.

Vandas et al. (2009) compared observational data with similar results obtained
using an analytical approach and found that they are in good agreement. In this
work, the authors used the same functions as we used in our present study as
initial conditions. Since our numerical results fit observations for different times,
we can further conclude that in a certain case, viz. when the bulk velocity of the
MC is close to the background flow velocity, the MC evolves self-similarly.

We also studied cases where the rotation of the MC around its axis is taken into
account. It was shown that the centrifugal force leads to an accumulation of matter
and magnetic field at the edges of the MC. Also, the rotation of a MC is able to
cause a bending of the background magnetic field lines.

While the numerical simulations led to interesting results directly comparable
to observations, we have to admit that the presented model contains some
idealizations. First of all, we introduced a “prepared” background flow, i.e. a flow
characterized by a uniform radial velocity, a radial magnetic field and a spherically
symmetric distribution of the plasma density was implied in advance. It might be
interesting to start with simulations of the solar wind from certain initial conditions
and to implement a magnetic cloud only later, when the solar wind has reached
steady state conditions. Second, we considered MCs as cylindrical and symmetric
structures. It would be interesting to also study the evolution of a variety of more
complex magnetic structures, e.g. toroids, spheroids, ellipsoids as well as structures
which remain connected to the Sun during their expansion.

Also, in our study, the MC is initially already located far from the Sun and it has a
certain bulk velocity. It would be reasonable to study the self-consistent evolution
of a solar eruption starting from the solar surface and until it reaches 1 AU.

While here we compared the features of simulated MCs with observations only in
the case of non-rotating MCs, we plan to compare our numerical results obtained in
the case of the rotating MCs with the actual observations in the future. Also, in the
forthcoming work we intend to study the dynamical evolution of MCs in different
types of background flow. Furthermore, we are also interested in the numerical
investigation of the interaction between several magnetic structures: besides the
MCs another class of solar ejecta, namely “complex ejecta” was identified. While
most of the magnetic clouds were associated with a single CME, complex ejecta
may have had multiple sources. It was concluded that some of the complex ejecta
were probably produced by the interaction of two or more halo CMEs (Burlaga
et al. 2002). Therefore, it would be interesting to investigate numerically the
interaction of several, initially isolated magnetic structures (extend the work done
in Lugaz et al. 2009).



Appendix A

Analysis of formulas derived in
chapter 3

In this appendix it is shown that the sum:

Σ1(gb, h) ≡
∑

s

Js(gb)J−2s(h), (3.A1)

introduced in the third chapter is finite.

In order to prove the convergence of the sum (3.A1), the following inequality is
used :

|Jν(x)| ≤ 1
Γ(ν + 1)

(x
2

)ν

eIm[x]. (3.A2)

Here: ν ≥ − 1
2 .

Then, for the term in Σ1(gb, h), one can write:

|Js(gb)J2s(h)| ≤ 1
(s+ 1)!(2s+ 1)!

(gb

2

)s
(
h

2

)2s+1

. (3.A3)

where we used the well known equivalence:

J−ν(x) = (−1)νJν(x). (3.A4)
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This condition shows that Cs ≡ |Js(gb)J2s(h)| ≤ Us, where:

Us = 1
(s+ 1)!(2s+ 1)!

(gb

2

)s
(
h

2

)2s+1

. (3.A5)

Let us prove that the Us is convergent using the D‘Alember’s criterion, by
introducing the following ratio:

Us+1

Us
=
(gb

2

)(h
2

)2 1
(s+ 2)(2s+ 2)(2s+ 3)

. (3.A6)

It is obvious that one can find s0 for which Us0+1
Us0

≡ q < 1. One can see that the
expression in Eq. (3.A6) decreases with an increasing value of s, i.e.:

Us+1

Us
< q =

(gb

2

)(h
2

)2 1
(s0 + 2)(2s0 + 2)(2s0 + 3)

< 1, (3.A7)

s ≥ s0.

This means that the sequence Us is convergent, and hence, for s ≥ 0 the summation
Σ1(gb, h) is finite.

When considering the case s < 0 and formally introducing a new index m ≡ −s,
one obtains the following expression:

|Jm(gb)J2m(h)|, (3.A8)

similar to the corresponding term in Eq. (3.A3) for s ≥ 0 and hence, the summation
for negative values of s is also convergent.

The proof for convergence of the second summation Σ2(gb, h) (see Eq. (3.36)) does
not principally differ from the one already considered and therefore it is not shown
here.



Appendix B

Details of derivations
introduced in chapter 4

In this appendix we would like to give some details of derivation for Eq. (4.67) and
Eq. (4.68).

During the process of derivation were implied following relations:

∂r = 1
Φ
∂ξ, (B1)

∂t = − ξ

Φ
Φ̇∂ξ. (B2)

These relations follow from Eq. (4.52).

Equation (4.67) is the radial component of the equation of motion-Eq. (4.50). In
cylindrical coordinates the left term of Eq. (4.50) can be written as follows:

ρ [∂t + (V · ∇)Vr] = ρ [∂tVr + Vr∂rVr] . (B3)

If we take into account relation (4.52) and expression for Vr (Eq. 4.57) we can
obtain following expressions:

∂tVr = r
Φ̈
Φ

− r

(
Φ̇
Φ

)2

, (B4)
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Vr∂rVr = r

(
Φ̇
Φ

)2

. (B5)

After substitution of Eq. (B4) and Eq. (B5) into Eq. (B3) we get:

ρ [∂t + (V · ∇)Vr] = ρξΦ̈. (B6)

If we combine of Eq.(4.53c) and Eq (B6) we obtain:

ρ [∂t + (V · ∇)Vr] = ΦαξΦ̈ρ̃, (B7)

the left term of Eq. (4.67).

In order to derive the first part of the right term of Eq. (4.68) let us introduce the
following notation:

∇ × B ≡ J. (B8)

After taking into account expressions for magnetic field (4.53a-4.53b) with σ = −2
we get:

Jr = 1
r
∂φBz − ∂zBφ = 0, (B9)

Jφ = ∂zBr − ∂rBz = −∂rBz = −Q′
z

Φ3 , (B10)

and

Jz = 1
r
∂r(rBφ) − 1

r
∂φBr = 1

r
∂r(rBφ) = QφΦδ−1

ξ
+Q′

φΦδ−1. (B11)

Since we know expressions of vector J we can derive the vectorial product of J
and B which represents the first part of the right term of Eq. (4.68).

Combination of relation (B1) with the expression for pressure Eq. (4.53d) leads to
the expression of the second part of the right term of Eq. (4.68).
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