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A study is presented of the nonlinear self-modulation of low-frequency electrostatic �dust acoustic�
waves propagating in a dusty plasma, in the presence of a superthermal ion �and Maxwellian
electron� background. A kappa-type superthermal distribution is assumed for the ion component,
accounting for an arbitrary deviation from Maxwellian equilibrium, parametrized via a real
parameter �. The ordinary Maxwellian-background case is recovered for �→�. By employing a
multiple scales technique, a nonlinear Schrödinger-type equation �NLSE� is derived for the electric
potential wave amplitude. Both dispersion and nonlinearity coefficients of the NLSE are explicit
functions of the carrier wavenumber and of relevant physical parameters �background species
density and temperature, as well as nonthermality, via ��. The influence of plasma background
superthermality on the growth rate of the modulational instability is discussed. The superthermal
feature appears to control the occurrence of modulational instability, since the instability window is
strongly modified. Localized wavepackets in the form of either bright-or dark-type envelope
solitons, modeling envelope pulses or electric potential holes �voids�, respectively, may occur. A
parametric investigation indicates that the structural characteristics of these envelope excitations
�width, amplitude� are affected by superthermality, as well as by relevant plasma parameters �dust
concentration, ion temperature�. © 2008 American Institute of Physics. �DOI: 10.1063/1.3033748�

I. INTRODUCTION

Dust is a ubiquitous component of space and astrophysi-
cal environments occurring, for example, in planetary rings,
comets, the Earth’s ionosphere, interstellar molecular clouds,
and circumstellar disks.1–5 Dusty plasmas are ionized gases
containing small �micron to submicron sized� charged par-
ticles of solid matter �dust grains�.4,5 The study of dusty plas-
mas also has a broad range of applications in industry and
microelectronics.6,7

Because of the intriguing and often surprising results of
the interaction between dust particles and plasmas, this has
evolved into an important area of research. Dusty plasmas
are known to support new electrostatic modes, which were
predicted theoretically and also confirmed
experimentally.4,5,8–11 The dust ion-acoustic wave �DIAW�
�Ref. 9� is the usual ion-acoustic mode modified by the pres-
ence of dust particles. The dust-acoustic wave �DAW�,8 of
importance for us here, is sustained due to the restoring force
provided by the plasma thermal pressure while inertia is due
to the dust mass. The DAW/DIAW propagates as linear nor-
mal modes whose phase velocity is much larger than the dust
thermal velocity.

A number of observations clearly indicate the presence
of superthermal electron and ion populations in various
laboratory12 and space13–18 plasmas environments. Superther-
mal particles may arise due to the effect of external forces
acting on the natural space environment plasmas or to wave-
particle interaction. The high-energy tail appearing in the
corresponding distribution function�s� is conveniently mod-

elled via a nonthermal distribution function. Based on theo-
retical studies in both space and laboratory plasmas, it has
been observed that a plasma in the presence of superthermal
particles suffers velocity-space diffusion.19 This will lead to
power law distribution at a velocity much higher than the
electron thermal speed. For most space plasmas, the �
distribution20 has been suggested to be appropriate for analy-
sis, rather than a Maxwellian. The presence of a high-energy
tail component in a kappa distribution considerably changes
the rate of resonant energy transfer between particles and
plasma waves, so that the conditions for the instability may
be different for the two distributions.

Since the general form of the � distribution and its rela-
tion to the Maxwellian distribution was first discussed by
Vasyliunas,20 it has been used to analyze and interpret space-
craft data on the Earth’s magnetospheric plasma sheet,21 the
solar wind,22 Jupiter,23 and Saturn.24 It has also been argued
that many space plasmas can be modelled more effectively
by the kappa distribution than by a superposition of Max-
wellian distributions.13–18,25–31 The � distribution obeys an
inverse power law at high velocities. For all velocities, in the
limit when the spectral index � approaches large values, the
distribution function approaches the Maxwellian one. In this
sense, the � distribution is a generalization of the Maxwell-
ian distribution. As suggested by theoretical studies,14,15,18,32

we shall consider the value of � to be higher than 3 /2
throughout this investigation. On the other hand, following
Ref. 14 we shall assume � to take any real value above 3 /2
�unlike in Ref. 13, where only integer � was considered�.

Despite the focus of extensive recent work on the effects
of superthermal particles,25–31 and in contrast with earlier
models for nonthermal plasmas �e.g., based on the Cairns
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ansatz, see Refs. 33–35�, the dynamics of nonlinear wave-
packets propagating against a �-distributed background have
not yet been investigated, to the best of our knowledge. The
aim of this paper is to fill in this gap. We shall study the
dynamics of modulated dust-acoustic wavepackets in a dusty
plasma composed of three distinct particle populations,
namely inertial dust, Maxwellian electrons and ions obeying
a kappa distribution function; the three species will be de-
noted by d, e, and i, respectively. In the present investigation,
we have considered dust grains with constant charge since
the typical time scales for the charging are much shorter than
the dust-acoustic period as experimental and ab initio theo-
retical investigations suggest.36 This is true in particular for
quiescent �nonturbulent� situations with large dust grains
and/or high plasma density �see the discussion in Ref. 36�.
Interestingly, a constant charge implies that collisionless
damping37 is not relevant in this parameter range. Therefore,
we have chosen to model dust-acoustic waves via a dissipa-
tionless model. Dust charge dynamics may be added later
�yet beyond our scope here�.

Furthermore, we assume that electrons are lighter than
ions, may relax faster to a Maxwellian equilibrium, while
ions sustain their superthermal character longer. Thus, in
qualitative agreement with, e.g., Ref. 35, we consider only
ions to be superthermal. Admittedly, electrons may acceler-
ate easily, and thus develop a tail in their distribution. This
will be covered by an extension of the present work, which is
underway.

The layout of this article goes as follows: In Sec. II, we
present the model equations. Perturbation analysis is carried
out in Sec. III and expressions for the dispersion relation and
group velocity are derived. In Sec. IV, we derive a nonlinear
Schrödinger equation. The fundamental information for a
modulational stability analysis and for an investigation of the
occurrence of localized envelope excitations is provided in
Sec. V. A parametric investigation for either negatively or
positively charged dust particles is presented in Secs. VI and
VII, respectively. Section VIII is devoted to the conclusions
of the results and discussion.

II. MODEL EQUATIONS

According to the model description above, we consider a
simple dust-fluid model

�nd

�t
+ � · �ndud� = 0, �1�

�ud

�t
+ ud · �ud = −

qd

md
� � , �2�

�2� = − 4�e�niZi − ne + sndZd� , �3�

where nd, ud, and � are the dust number density, the dust
mean velocity, and the electric potential, respectively. m� and
q� ��=e , i ,d� denote the mass and charge of electrons �qe

=−e�, ions �qi= +Zie� and heavy dust particulates �qd

=sZde� with s= �1=qd / �qd�, respectively. Either a negative
or a positive dust charge qd=sZde can be accommodated in

this description for s=−1 or +1, respectively. Overall charge
neutrality at equilibrium is

ni0Zi − ne0 + snd0Zd0 = 0, �4�

where n�0 �for �=e , i ,d� are the unperturbed electron, ion,
and dust number densities, respectively, and Zd0 is the unper-
turbed charge state of the dust grains.

We shall adopt a kappa-distribution for ions, by relying
on the notation in Ref. 32 �wherein the fundamental algebra
is expressed in detail�. The number density for ions is ac-
cordingly expressed as

ni = ni0�1 +
Zie�

�kBTi
�−�+1/2

, �5�

where � is a real parameter measuring deviation from Max-
wellian equilibrium �recovered for � infinite�. We use the
expansion32

�1 +
x

�
�−�−1

� e−x	1 − � x

�
� +

�

2
� x

�
�2

−
5�

6
� x

�
�3

+
�2

8
� x

�
�4

¯ 
 , �6�

where x=Zie� /kBTi. Combining Eqs. �5� and �6�, the num-
ber density of ions takes the form as

ni = ni0�1 + b1� + b2�2 + b3�3 + ¯ � . �7�

The coefficients b are given by

b1 = �1
Zie

kBTi
, b2 = �2� Zie

kBTi
�2

, and b3 = �3� Zie

kBTi
�3

,

�8�

where

�1 = � 1

2�
− 1�, �2 =

1

2
−

9

8�2 ,

and �3 = �−
1

6
−

1

4�
+

25

24�2 −
7

16�3� , �9�

i.e., in general,

bm = �m� Zie

kBTi
�m

for m = 1,2, . . . . �10�

Note that the Maxwellian limit is readily obtained upon set-
ting �→�, which leads to

�m = �− 1�m 1

m!
for m = 1,2,3, . . . . �11�

The number density for electrons is given by

ne = ne0�1 + bem�m� , �12�

where

bem =
1

m!
� e

kBTe
�m

for m = 1,2,3, . . . . �13�

We shall consider wave propagation along x̂, and will
assume that all quantities vary along x̂ only. After introduc-
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ing the kappa distribution function, the normalized continu-
ity, momentum, and Poisson’s equations are written in a di-
mensionless form as

�n

�t
+

��nu�
�x

= 0, �14�

�u

�t
+ u

�u

�x
= − s

��

�x
, �15�

�2�

�x2 � − s�n − 1� + c1� + c2�2 + c3�3, �16�

where terms higher than �3 are omitted. The fluid velocity
ud, the particle density nd, and the electric potential � are
scaled as u=ud /vd, n=nd /nd0 �nd0 is the equilibrium dust
density�, and �= �qd�� / �kBTeff�. The characteristic dust
speed scale is vd��kBTeff /md�1/2=	p,d
D,eff. Space and
time variables are scaled over the effective Debye
length given as 
D,eff= �kBTeff /4�nd0Zd

2e2�1/2 and the charac-
teristic dust period �inverse dust plasma frequency�
	p,d

−1 = �4�nd0qd
2 /md�−1/2.

The coefficients entering Poisson’s equation �16� are

c1 =
s

�1 − ��Zd
�Zi�1

Teff

Ti
− �

Teff

Te
� ,

c2 =
s

�1 − ��Zd
2�Zi

2�2
Teff

2

Ti
2 −

�

2

Teff
2

Te
2 �, and

c3 =
s

�1 − ��Zd
3�Zi

3�3
Teff

3

Ti
3 −

�

6

Teff
3

Te
3 � . �17�

In general, these dimensionless coefficients may be written
as

cm =
s

�1 − ��Zd
m�Zi

m�im

Teff
m

Ti
m −

�

m!

Teff
m

Te
m � for m = 1,2,3,

�18�

or, expressed in reduced physical parameters, as

c1 =
2��� − Zi + 2�Zi

2��� + 2�Zi
,

c2 = s
�� − 1��4�2�2� + �9 − 4�2�Zi

2�
8�2��� + Zi�2 ,

c3 =
�� − 1�2�8�3�3� + �2� − 3��2� − 1��7 + 2��Zi

3�
48�3��� + Zi�3 .

�19�

The ion-to-electron temperature ratio is given as

� =
Ti

Te
.

Finally, we have defined the dimensionless dust parameter as

� =
ne0

Zini0
= 1 + s

Zd0nd0

Zini0
.

Notice that � below �above� unity denotes negative �posi-
tive� dust. The effective temperature is given as

1

Teff
=

ni0Zi
2

nd0Zd
2

1

Ti
+

ne0

nd0Zd
2

1

Te
�

s

�� − 1�Zd
�Zi

Ti
+

�

Te
� . �20�

We note that the perturbation technique we will employ, goes
up to 3, so the cubic term in Eq. �16� is important. To trace
the effect of the cubic term, see how b3 from Eqs. �8�–�17� or
Eq. �19� affects the nonlinearity coefficient Q in Eq. �40�
below.

III. PERTURBATION ANALYSIS

The system’s state is described by the variables �A
�=n ,u ,�� at a given position x and time t. Let us consider a
small deviation from the equilibrium state A�0� which is
given by n�0�=1 and u�0�=��0�=0. Then we can write a gen-
eral expression for the variables as

A = A�0� + �
m=1

�

mA�m�, �21�

where �1 is a small parameter. Here we will consider a
general stretched �slow� space and time variables scaling as

Xm = mx, and Tm = mt . �22�

We have assumed that

A�m� = �
l=−m

m

Al
�m��Xm,Tm�exp�il�kx − 	t�� . �23�

Al
�m� satisfies the reality condition Al

�m�=A−l
�m�*, where the as-

terisk denotes the complex conjugate. Substituting Eq. �23�
into Eqs. �14�–�16� and using Eq. �22�, we can find different
expressions by isolating various orders in . The first order
equations are

− i	n1
�1� + iku1

�1� = 0, �24�

− i	u1
�1� + sik�1

�1� = 0, �25�

sn1
�1� − �k2 + c1��1

�1� = 0. �26�

The solution for the first harmonics read as

n1
�1� = s�k2 + c1��1

�1�, �27�

u1
�1� =

	

sk
�k2 + c1��1

�1� =
	

k
n1

�1�. �28�

We thus obtain the dispersion relation for dust-acoustic
waves,

	2 =
k2

k2 + c1
. �29�

One immediately notices the effect of the nonthermality �via
��, of the dust concentration �via �� and of the plasma spe-
cies temperature on the phase speed �for low k�,
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vph =
	

k
� 	 2���� + Zi�

2���� + Zi� − Zi

1/2

. �30�

We note that c1 can be shown to be positive �for all param-
eter values of physical interest�, thus linear stability is en-
sured in Eq. �29�.

At second order in , we expect to find expressions for
the group velocity vg, and for the zeroth and second harmon-
ics. For m=2 and l=1, we need to impose a compatibility
condition in the form

��1
�1�

�T1
+ vg

��1
�1�

�X1
= 0, �31�

where we have defined the group velocity vg�k�=�	 /�k
=	��k�, given by

vg = c1
	3

k3 . �32�

The expressions for the amplitudes corresponding to the first
harmonics in order 2 are given by

n1
�2� = s�k2 + c1��1

�2� − 2isk
��1

�1�

�X1
,

u1
�2� =

sk

	
�1

�2� − is	
��1

�1�

�X1
,

�1
�2� = iÃ

��1
�1�

�X1
, �33�

where the choice of Ã is arbitrary and we shall take it to be
equal to zero. For m=2 and l=2, the evolution equations
provide the amplitudes of the second order harmonics which
are found to be proportional to ��1

�1��2. The expressions for
these amplitudes are

n2
�2� = C1

�22���1
�1��2, u2

�2� = C2
�22���1

�1��2, and

�2
�2� = C3

�22���1
�1��2, �34�

where

C1
�22� = sc2 + s�4k2 + c1�C3

�22�,

C2
�22� =

	

k
�C1

�22� − �k2 + c1�2�, and

C3
�22� = −

c2

3k2 +
s�k2 + c1�2

2k2 . �35�

Now we also obtain �combining expressions for m=2, l=0
and m=3, l=0�,

n0
�2� = C1

�20���1
�1��2, u0

�2� = C2
�20���1

�1��2, and

�0
�2� = C3

�20���1
�1��2, �36�

where

C1
�20� = s�c1C3

�20� + 2c2� ,

C2
�20� = −

2	

k
�k2 + c1� + vgC1

�20�, and

C3
�20� =

2c2vg
2 − s�k2 + 3c1�
1 − c1vg

2 . �37�

Note that all physical parameters lead to an explicit depen-
dence of all coefficients on �, �, and �. The expected Max-
wellian limit is recovered for �→�.38,39

IV. A NONLINEAR SCHRÖDINGER EQUATION FOR
THE SLOWLY VARYING POTENTIAL AMPLITUDE

To third order in , the reduced equations for l=1 yield
an explicit compatibility condition. This leads to an equation
in the form

i	 ��1
�1�

�T2
+ vg

��1
�1�

�X2

 + P

�2�1
�1�

�X1
2 + Q��1

�1��2�1
�1� = 0. �38�

The dispersion coefficient P is given by

P = −
3

2
c1

	5

k4 . �39�

Note that the P is equal to �2	 /2�k2, as expected. We note
that P is always negative �since c1�0 for all parameter val-
ues of interest�, as reflected upon simple inspection of the
dispersion curve�s� in Fig. 4 below.

The nonlinearity coefficient Q is given by

Q =
	3

k2 �c2�C3
�20� + C3

�22�� +
3

2
c3�

−
	

2
�C1

�20� + C1
�22�� − k�C2

�22� + C2
�20�� . �40�

It may be appropriate to consider the large wavelength
behavior in the above coefficients, by considering the limit
k�1. A tedious yet straightforward algebraic study reveals
that P vanishes for low k �as expected for an acoustic mode,
where 	�k and 	��0� as P�−p0k, whereas Q diverges as
Q�q0 /k. This is in qualitative agreement with earlier theo-
retical considerations.34,40 The real quantities p0 and q0, in
fact both positive, are given by

p0 =
3

2c1
3/2 �41�

and

q0 =
1

12
� 1

c1
�3/2

�2c2 − 3sc1
2�2. �42�

The total �first order� solution obtained for the electric
potential is

� � �1
�1� = ��x,t�ei�kx−	t� + �*�x,t�e−i�kx−	t�, �43�

where the variation of ��x , t� is assumed to be slower than
that of exp�i�kx−	t�� �=1 was formally set here, with the
understanding that �=�1

�1��1 remains small�. The compat-
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ibility condition is now written in the form of a nonlinear
Schrödinger �NLS� equation

i� ��

�t
+ vg

��

�x
� + P

�2�

�x2 + Q���2� = 0, �44�

for the small, slowly varying amplitude ��x , t�. Performing a
Galilean transformation, finally, the NLSE can be written in
its standard form as

i
��

�t
+ P

�2�

�x2 + Q���2� = 0. �45�

V. MODULATIONAL INSTABILITY AND ENVELOPE
EXCITATIONS

The evolution of a wave whose amplitude obeys the
nonlinear Schrödinger equation �45� essentially depends on
the dispersion and nonlinearity coefficients, P and Q, respec-
tively, whose analytical behavior can be investigated in terms
of all relevant physical parameters.40 Omitting details al-
ready exposed in the literature �see, e.g., in Ref. 40�, we shall
summarize the basis of the analysis to follow below, and will
then proceed by an analytical investigation in terms of rel-
evant parameters.

A. Modulational instability „MI…

The modulational instability of the envelope can be stud-
ied by considering a small perturbation of the wave’s ampli-
tude and studying the associated dispersion relation.40 As-
suming a small and slowly varying perturbation of the
amplitude, which bears a magnitude A0, a small frequency

	̃�	, and a small wavenumber k̃�k, leads to a dispersion
relation of the form

	̃2 = P2k̃2�k̃2 − 2
Q

P
�A0�2� . �46�

It is straightforward to see that a negative sign for Q / P is
required for wave amplitude �modulational� stability. On the
other hand, a positive sign of Q / P allows for a random per-
turbation of the amplitude to grow, and may thus lead to
wave collapse of blowup. Interestingly, wavepacket stability
is always ensured in the large wavelength region �for k�1�;
see expressions �41� and �42� in the previous section. The
maximum growth rate of the instability equals Q��A0�2 and is

attained for k̃= �A0��Q / P= k̃0, while the instability window

extends from k̃ equals to zero to �2�A0��Q / P. Details can be
found in Refs. 40 and 41. It would be instructive to investi-
gate the dependence of the MI growth rate on �. From Eq.
�46�, we obtain the following expression for the growth rate
�for a given value of �, denoted by the subscript� as

�� = �X�2
�

�
− X2�1/2

, �47�

where ��=Im 	̃ / �Q��A0�2�, �= P / P�, �=Q /Q�, and X

= k̃�P� / ��A0��Q�� with P�= P��→�� and Q�=Q��→��.
Equation �47� should be compared to the following
expression:

�� = X�2 − X2�1/2, �48�

in the Maxwellian case ��→��, which presents a maximum
at �X0 ,��,max�= �1,1�, and a root at ��2,0�. One is therefore
interested in tracing the effect of � on the maximum and on
the MI window �interval of unstable values�. The growth rate
of the modulational instability �for negative dust� for differ-
ent values of � is depicted in Fig. 1. It is observed that the
growth rate is significantly affected by the variation in the
values of � since its maximum value moves to �max=� �viz.
Im 	̃=Q��A0�2� attained at X0= �� /��1/2 as the background
becomes significantly superthermal �i.e., � attaining low val-
ues�. The instability window becomes the interval
�0,�� / �2���. A similar qualitative effect is witnessed in the
presence of positive dust �see Fig. 2�. We note that the effect
on the growth rate may as well be the inverse one, depending
on the relative magnitude of P and Q; see, e.g., in Fig. 2�b�,
where superthermality appears to increase the MI growth rate
�upper curve in Fig. 2�b��. One draws the conclusion that
superthermality may control �and in fact prevent� the occur-
rence of modulational instability.

0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.2

0.4

0.6

0.8

1.0

x

��

0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.2

0.4

0.6

0.8

1.0

��

x(b)

(a)

FIG. 1. �Color online� Variation of the growth rate �� �negative dust� with X
for different values of � with s=−1, k=0.84, and �=0.1. The dotted curve
corresponds to �=2.0, dashed curve to �=2.5, long dashed curve to �
=3.0, and solid curve to �=�. �a� �=0.55, and �b� �=0.9.
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B. Envelope solitons

A nonlinear analysis of the envelope dynamics, as mod-
elled by the NLSE �Eq. �45��, reveals the existence of local-
ized solutions in the form of envelope solitons of either the
bright or dark type.41–43 Omitting details,41–43 we suggest
that an appropriate quantity to investigate is the ratio Q / P,
since its sign determines the type of envelope excitations �in
addition to the MI of wavepackets; see above�, while its
�absolute� value �Q / P� determines the envelope soliton char-
acteristics. We summarize these key points below.

Bright versus dark solitons. Bright-type envelope soli-
tons �pulses� occur when Q / P�0, and are essentially pulse-
shaped envelopes confining the fast carrier wave; see Fig.
3�a�. On the other hand, the case Q / P�0 is associated with
dark-type excitations, manifested as localized envelope holes
or voids in the center, amidst regions of constant amplitude
in either sides �extended to both infinities�; these excitations
may either reach a vanishing amplitude in the center or a
finite one �black or grey envelope solitons, respectively�; see
Figs. 3�b� and 3�c�.

Soliton geometry. A detailed analysis in respect of elec-
trostatic plasma modes can be found in Ref. 40, while ana-
lytical details and the derivation of these soliton solutions are
extensively discussed in Refs. 42 and 43, so these are omit-

ted here for brevity. It turns out that the soliton amplitude �0

and the soliton width L satisfy40,42,43

�0L � ��Q/P��1/2 �49�

in both bright and dark cases. Note the qualitative distinction
from �0L2=constant which would be the KdV soliton case.
This also suggests that for a given value of, say, potential
amplitude �0, the envelope pulses will be wider in regions
where the value of Q / P is higher, and vice versa.
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FIG. 2. �Color online� Variation of the growth rate �� �positive dust� with X
for different values of � with s= +1, k=0.95, and �=0.1. The dotted curve
corresponds to �=1.6, dashed curve to �=2.5, long dashed curve to �
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FIG. 3. Heuristic picture of envelope soliton solutions of the NLS Eq. �45�
�arbitrary parameter values�: �a� bright, �b� black, and �c� grey type envelope
solitons are depicted.
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Summarizing, we may investigate the envelope soliton
characteristics by plotting the ratio Q / P versus relevant pa-
rameters �see Figs. 5, 7, 9, and 11–13 below�.

VI. PARAMETRIC INVESTIGATION: NEGATIVE DUST
CHARGE

We have derived a nonlinear Schrödinger equation using
a multiple scales �reductive perturbation� method for unmag-
netized dusty plasma containing negative dust grains, Max-
wellian electrons, and kappa distributed ions. Physically,
both phase and group velocities of the wave are modified by
the plasma parameters. This essentially entails a modification
in the dispersive and nonlinear behavior of the plasma as a
whole, which is manifested in the wavepacket’s modula-
tional profile. The effect of different physical parameters on
the envelope dynamics, as manifested via the ratio Q / P �see
discussion above�, will be investigated below, in terms of
relevant parameters, namely �i� the wavenumber k, �ii� the
temperature ratio � �=Ti /Te�, �iii� the dust density parameter
� �recall that values below/above 1 stand for negative/
positive dust�, and finally �iv� the value of � reflecting the
deviation from Maxwellian distribution for the ions.

Effect of superthermality. We have analyzed the variation
of 	 with the wave number k �as given by the dispersion
relation �29�� for different values of � and keeping other
parameters fixed ��=0.1 and �=0.9 in Fig. 4�. It is seen that
	 decreases as the value of � increases. The solid curve
corresponds to �→� and shows that the value of 	 is small
as compare to other values of �. Thus, deviation from a
thermal �Maxwellian� distribution appears to enhance elec-
trostatic oscillations.

We have investigated the stability profile by depicting
the ratio Q / P versus k for different parameter values. We
have determined in various regimes the critical wavenumber
threshold kcr �at which Q / P=0�, which indicates where the
instability sets in.

The variation of the ratio Q / P with k for different values
of � is shown in Fig. 5. The threshold kcr bears a value
around 0.77, which separates stable �k�kcr, where Q / P�0�
from unstable �k�kcr, or Q / P�0� regions. Dark solitons
occur in the former case, i.e., for large wavelengths, while
bright envelope solitons occur in the latter region, i.e., for
wavelengths shorter than 2� /kcr. In all cases, the infinite
wavelength limit seems to predict stability, as physically
expected.

In the stable region �k�kcr� �see Fig. 5� the absolute
value of the ratio Q / P decreases as � decreases, for given k,
and also decreases with k for given �. Superthermality leads
to narrower �in spatial extension� bright or dark envelope
solitons, although the effect on the bright case is less impor-
tant. The solid curve corresponds to �→�. Therefore, the
higher the deviation from a thermal ion distribution, the nar-
rower the electric potential envelope excitations will be.
Note that this is also true in the unstable region �k�kcr� and
may thus be kept as a general result in both bright and dark
envelope cases. However, higher values of k will bear nar-
rower dark solitons or wider bright ones, in the respective
regions �left and right in Fig. 5�.

The dependence of the critical wavenumber kcr on � for
different values of � is depicted in Fig. 6. We see that kcr

decreases with � �note the curves 4, 5, and 6 in Fig. 6, where
��1, i.e. for negative dust� and in fact reaches an
asymptotic value for � higher than, say, 5 or 6. This seems to
be in agreement with earlier results,12,14–18 which asserted
that values of � higher than 5 practically recover the Max-
wellian limit. On the other hand, kcr decreases if the value of
� goes lower �cf. curves 4–6 in Fig. 6�, implying that addi-
tion of negative dust �i.e., a stronger deviation from unity
from below� leads to a lower threshold, i.e., that instability
sets in for lower wavenumbers.

Ion temperature effect. We have analyzed the effect of
ion temperature on the modulational instability. Figure 7 de-
picts the dependence of the ratio Q / P on k for different
values of the temperature ratio � �=Ti /Te�. An increase in the
ion temperature seems to move the curve downwards �to
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FIG. 4. �Color online� Variation of the carrier frequency 	 with the wave-
number k for different values of the parameter �, with �=0.9, �
�=Ti /Te�=0.1, and s=−1 �negative dust�. The dotted �upper� curve corre-
sponds to �=1.6, dashed �middle� curve to �=2.5, and solid �lower� curve
to �=�.
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FIG. 5. �Color online� Variation of the NLSE coefficients ratio Q / P with the
carrier wavenumber k for different values of � and with �=0.9, �=0.1, and
s=−1. The dotted curve corresponds to �=1.6, dashed curve to �=2.5, long
dashed curve to �=3.5, and solid curve to �=�.
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higher �Q / P�� in the stable region �k�kcr, where Q / P�0�,
although it bears hardly any effect in the unstable one
�k�kcr, or Q / P�0�. The threshold kcr itself also increases
with �, as shown in Fig. 8; different curves correspond to
different values of � therein �only curves 4–6 in Fig. 8 are
relevant to negative dust�. Therefore, kcr will be lower �and
thus wavepackets will be stable in a narrower region� either
for cooler ions or for stronger negative dust presence. Nega-
tive dust favors modulational instability, therefore �also see
next paragraph�.

Influence of the dust concentration. We have analyzed
the stable and unstable regions with varying dust concentra-
tion. The variation of the ratio Q / P with k for different dust
concentration parameter � is shown in Fig. 9. It is noticed
that an increase in negative dust concentration, i.e., as �
decreases, leads to smaller �Q / P� in the stable region �i.e.,
smaller dark envelope solitons� but to a higher Q / P in the
unstable one �thus wider bright envelopes�. Furthermore, the
kcr value decreases with more negative dust �for lower ��, as
also manifested in Fig. 10. The influence of the dust concen-

tration on the stability profile seems to be more significant
than that of other physical factors. This seems to be in quali-
tative agreement with previous results on nonthermal dusty
plasmas, obtained via another model.34

VII. PARAMETRIC INVESTIGATION: POSITIVE DUST
CHARGE

A presence of positive dust may be observed, e.g., in
different regions in space, as in cometary tails,3 in the upper
mesosphere,44 in Jupiter’s magnetosphere,3,45 etc., as in the
laboratory.46 This may be due to different charging mecha-
nisms, such as, a flux of ultraviolet photons, thermionic
emission or to a secondary emission of electrons from the
dust grain surface, creating a deficit in electrons.5 Dusty plas-
mas with positively charged dust grains have been studied
theoretically47 and also experimentally.46 Interestingly, the
presence of positive dust grains in a dusty plasma was re-
cently shown to modify the basic properties of solitary po-
tential structures and lead to a possible coexistence of posi-
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tive and negative solitary potential structures.48,49 Given this
feedback, we have extended our analysis to an investigation
of the modulational profiles of electrostatic wavepackets in
the presence of a positive dust component.

Effect of superthermality. As previously said �and de-
picted in Fig. 4�, the frequency 	 decreases with lower val-
ues of � �i.e., larger deviation from a thermal ion distribu-
tion�; this is also valid in the presence of positive dust, for
any value of ��1 �corresponding plot omitted for brevity�.

In Fig. 11, it is seen that the critical value kcr now lies
near �0.80 for finite value of � �i.e., is generally higher than
for negative dust�, though it decreases with lower �: note the
upper curves 1–3 in Fig. 6 �for ��1�. In the stable region
�Q / P�0�, where dark solitons exist, �Q / P� decreases with
lower �, for given k, and also vice versa. Superthermality
leads to narrower �in spatial extension� bright or dark enve-
lope solitons, but practically no change for bright solitons. In
Fig. 11, the solid curve corresponds to �→� �Maxwellian

limit�. Still, the effect on kcr is easier to observe than for a
negative dust charge. Again, superthermality seems to affect
the characteristics of dark solitons, which become narrower
for superthermal ions, although the inverse effect born on the
bright solitons �in the unstable region� is not that dramatic;
however, Q / P definitely increases with k, suggesting that
bright solitons of a given width will be larger at higher k
�i.e., for smaller wavelength�. As seen in Fig. 6 �upper 3
curves for positive dust�, kcr now increases with higher �
�contrary to the negative dust case�, up to certain asymptotic
values beyond which the Maxwellian limit is recovered.

Ion temperature effect. The effect of the ion temperature
on the modulational instability profile is analyzed in Fig. 12,
which depicts the dependence of the ratio Q / P on k for
different values of � �=Ti /Te�. As the ion temperature in-
creases, the �absolute� value of Q / P goes lower/higher in the
negative/positive region �i.e., left/right, respectively�, sug-
gesting that dark/bright envelope solitons will be smaller/
larger �respectively�. The instability threshold is clearly seen
to decrease for higher Ti, as confirmed in Fig. 8 �see upper 3
curves therein�. This is contrary to the negative dust case; for
positive dust, ion heating enhances instability at lower k.

Influence of the positive dust concentration. Figure 13
shows the variation of the ratio Q / P with k for different
values of � �hence the dust concentration�. There is a rather
significant modification in kcr by changing �. In fact, kcr

increases by increasing �, i.e., increasing the positive dust
concentration in the dusty plasma �also see Fig. 8, refer to
the upper three curves therein, and Fig. 14�, although this
behavior becomes less dramatic and may even be reversed as
ion temperature goes higher �see lower curve in Fig. 14�.

VIII. CONCLUSIONS

We have undertaken an investigation of the envelope
dynamics of nonlinearly modulated electrostatic �dust-
acoustic� wavepackets in dusty plasmas characterized by the
presence of a Maxwellian electron and a superthermal �kappa
distributed� ion background. Both negative and positive dust
charge cases were considered. A nonlinear Schrödinger equa-
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tion was derived for the wave amplitude, and exact expres-
sions for the dispersion and �cubic� nonlinearity coefficients
were obtained. These have allowed us to investigate the
modulational �in�stability profile of dust-acoustic waves in
various parameter regimes.

The influence of the relevant physical parameters �ion
temperature, superthermality, dust concentration� on the dy-
namics has been traced by observing the effect of parameters
�, �, � �respectively� on

�a� the instability domain �i.e. the wavenumber threshold
separating the stable and unstable carrier wavenumber
regions�,

�b� the envelope soliton characteristics �type, pulse width
and height�, and

�c� the growth rate of modulational instability.

The effect on the instability threshold is admittedly rather
small for negative dust charge, but seems to be significant for

positive dust. Superthermality leads to narrower �in spatial
extension� bright or dark envelope solitons, although the ef-
fect on the bright case is less important.

The growth rate of the modulational instability was also
studied for different values of �. The growth rate is signifi-
cantly affected �and in fact reduced� by the superthermality
and hence modulational instability can be controlled by the
existence of a long tail in the plasma species distribution.

For large values of �, say �6, the behavior of the wave-
packet envelope amplitude seems to be almost as in Max-
wellian plasmas, which corresponds to considering the ex-
pressions for c1, c2, and c3 in the limit �→�. In this case,
our results agree with earlier works for dust-acoustic waves
against a thermal ions and electron background.

Our results may be relevant to existing and forthcoming
experimental and space observations, where superthermal
plasma distributions may be present.
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