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Abstract

The reductive perturbation technique is employed to investigate the modulational instability

of dust-acoustic (DA) waves propagating in a four-component dusty plasma. The dusty plasma

consists of both positive- and negative-charge dust grains, characterized by a different mass, tem-

perature, and density, in addition to a background of Maxwellian electrons and ions. Relying on a

multi-fluid plasma model and employing a multiple scales technique, a nonlinear Schrödinger type

equation (NLSE) is obtained for the electric potential amplitude perturbation. The occurrence of

localized electrostatic wavepackets is shown, in the form of oscillating structures whose modulated

envelope is modelled as a soliton (or multi-soliton) solution of the NLSE. The DA wave charac-

teristics, as well as the associated stability thresholds, are studied analytically and numerically.

The relevance of these theoretical results with dusty plasmas observed in cosmic and laboratory

environments is analyzed in detail, by considering realistic multi-component plasma configurations

observed in the polar mesosphere, as well in laboratory experiments.

Keywords: Modulational instability, nonlinear Schrödinger equation, positive-negative dusty plasma, enve-

lope solitons
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1. INTRODUCTION

Charged dust grains are ubiquitous in space and in laboratory plasmas. They are encoun-

tered in the early Universe, in supernovae, in interstellar cosmic matter, in dense molecular

clouds, in planetary ring systems, in cometary tails and comae, in the Martian atmosphere,

at the surface of Moon, as well as in the Earth’s mesosphere [1–4]. They occur natu-

rally in plasma processing (e.g. in microelectronics), and are also artificially created in

low-temperature dusty plasma discharges, in order to investigate fundamental dust-plasma

interaction processes [3, 4]. Dust grains are usually negatively charged as they collect elec-

trons from the background plasma [1, 3]. However, dust grains can also be charged positively,

either by photoemission under ultraviolet (UV) radiation, or by thermionic emission from

grains heated by radiative sources [3, 5–8]. The presence of positively charged dust parti-

cles has been observed in different regions of space, such as cometary tails [2, 9], Jupiter’s

magnetosphere [10], the Earth’s polar mesosphere [11], and in the Martian atmosphere [12].

Chow et al. [9] have shown that, due to the size effect on secondary emission, insulating

dust grains with different sizes in space plasmas can have opposite polarity. Also, they have

calculated the equilibrium potential for insulating dust grains immersed in both Maxwellian

and generalized Lorentzian plasmas. It was found that grains with diameters 0.01µm and

1µm have opposite polarity when the plasma temperature is in the range 25 − 48 eV for a

Maxwellian plasma and in the range 7 − 17 eV for a Lorentzian plasma. These values may

be in the range of the inferred values in different regions of planetary ring systems, comets

and in the interplanetary medium [2, 9]. Recently, field experiments on terrestrial dust

devils, simulating significant meteorological phenomena on Mars, showed some evidence of

electric and magnetic fields that are thought to be related to the simultaneous presence

of positively and negatively charged dust particles [13]. Therefore, the properties of dust

acoustic solitons in a positive dust-electron plasma have been discussed by Wang et al.

[14]. On the other hand, dusty plasmas containing grains of opposite polarity have been

investigated theoretically [15–20] and experimentally [2, 10, 16,21]. Sayed and Mamun [19]

studied the basic properties of small amplitude potential structures in a cold four-component

dusty plasma containing both positive and negative dust particles. Also, using hydrodynamic

equations and based on a linear dispersion relation analysis, Shukla et al. [20] have presented

a purely growing instability for a positive-negative dusty plasma.
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Rao et al. [22] were the first to report theoretically the existence of extremely low phase

velocity (in comparison with the electron and ion thermal velocities) dust acoustic (DA)

waves where the dust particle mass provides the inertia and the thermal pressure from the

electrons and ions gives rise to the restoring force. Later on, this theoretical prediction [22]

was verified experimentally by Barkan et al. [23].

Modulational instability (MI) is a generic nonlinear mechanism governing nonlinear wave

propagation in dispersive media. It refers to a weak space/time dependence (modulation)

of the wave amplitude, due to the intrinsic medium nonlinearity, however weak. Under

the effect of external perturbations (e.g., noise), the wave amplitude (the envelope) may

potentially grow, eventually leading to energy localization via the formation of localized

structures (envelope solitons). This mechanism is encountered in various physical contexts,

including pulse formation in nonlinear optics, materials science, plasma physics and electric

signal transmission lines [24]. In a generic manner, the physical situation described here is

associated with the paradigm of the nonlinear Schrödinger equation (NLSE) [24-27]. The

modulation profile of electrostatic dusty plasma modes has originally been investigated by

Amin et al. [28], and that analysis was later extended to incorporate the effects of cubic

nonlinearity, oblique modulation [29] and nonthermal ions [30].

The main purpose of the present article is to investigate the occurrence and charac-

teristics of modulated wavepackets associated with DA waves in multi-component dusty

plasmas. The manuscript is organized as follows. In the next section, a two-dust-fluid

plasma-dynamical model is introduced. Carrying out a perturbative analysis, a nonlinear

Schrödinger equation is derived in Section 3, which governing the slow amplitude variation

in time and space. Exact expressions for the dispersion and nonlinearity coefficients of the

NLSE are obtained, and the conditions for modulational instability to occur are investi-

gated. The different envelope soliton solutions (as well as the two-soliton solution) of the

NLSE are presented in Section 4. Section 5 is devoted to a parametric investigation of the

modulational stability profile, in relevance with two different real situations, namely dusty

plasmas occurring in space plasma physics and in laboratory. Finally, we briefly summarize

our results in the concluding section.
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2. THE MODEL

We consider a four-component collisionless, fully ionized, unmagnetized warm dusty

plasma consisting of electrons (mass me; charge −e), ions (mass mi; charge +e), negatively

charged dust particles (mass m−; charge q− = −Z−e) and positively charged dust parti-

cles (mass m+; charge q+ = Z+e); the four species are henceforth denoted by the indices

e, i, −, and +, respectively. Adopting a one-dimensional (1D) geometry, the normalized

two-dust-fluid model equations can be written as [19, 28, 30]

∂nα
∂t

+
∂ nαuα
∂x

= 0, (1a)

∂uα
∂t

+ uα
∂uα
∂x

= −αψα
∂φ

∂x
− 3σαnα

∂nα
∂x

, (1b)

∂2φ

∂x2
= −

∑

α=−1,1

αzαnα + ne − ni, (1c)

given the low frequency of interest, both electron and ion species are assumed to be ther-

malized, i.e. ne = ν exp (se φ) and ni = ρ exp (−si φ). The subscript α denotes the positive

(negative) dust fluid, for α = +(−). Retain that α may be used as a multiplicative factor,

denoting the charge sign α = +1(−1), when referring to the positive (negative) dust compo-

nent, respectively. The normalized state variables in (1) are: the α (= +,−) fluid dust fluid

number density nα = ñα/n−o, the fluid velocities uα = ũα/Cd− and the electrostatic potential

φ = e Z−φ̃/T− (Boltzmann’s constant is omitted, where obvious). Here, the tilde-marked

parameters are the corresponding dimensional ones. The reduced time and space variables

are t = t̃ωpd− and x = x̃/λDd−. We have chosen to scale all quantities by those of the neg-

ative dust species, where appropriate, so ωpd− =
√

4πe2 Z2
−n−o/m− represents the plasma

frequency, Cd− =
√
T−/m− is a characteristic DA speed, and λDd− =

√
T−/ (4πe2Z2

−n−o) is

the Debye length. We have also defined the following parameters: the background electron

and ion number density, ν = ñeo/(Z−n−o) and ρ = ñio/(Z−n−o), respectively; the tempera-

ture ratio(s) sj = T−/Tj (with j = e/i for electrons/ions, respectively); also (for the dust flu-

ids α = +/−) the mass, (absolute) charge, temperature and density ratio(s): µα = mα/m−,

zα = Zα/Z−, βα = Tα/T− and Nα = nαo/n−o, respectively (thus, µ− = z− = β− = N− = 1).

Finally, we shall use ψα = Zαm−/ (Z−mα) = zα/µα and σα = βα/µα. Overall charge

neutrality is assumed at equilibrium, implying the condition ν = ρ +
∑

α=−1,1

αzαNα, (i.e.,

N+ = n+o/n−o and N− = 1), thus z+N+ − ν + ρ = 1.
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3. WEAKLY NONLINEAR MODULATED OSCILLATION ANALYSIS

Equations (1) describe the evolution of the state vector G = (n−, u−;n+, u+;φ) when

departing from the equilibrium state, say, G0 = (1, 0;N+, 0;φ). A harmonic (linear) electro-

static wave solution exists in the form G(1) = G(1)
0 exp[i(kx−ωt)] +c.c. (complex conjugate),

in the weak amplitude approximation, i.e. for G(1)
0 � 1; here, k and ω are real variables

representing the fundamental (carrier) wave number and frequency, respectively.

Once the wave amplitude becomes stronger, a nonlinear amplitude modulation mecha-

nism enters into play, eventually resulting in secondary harmonic generation: this is the first

signature of nonlinearity, manifesting itself via a weak space/time amplitude dependence. In

order to study the nonlinear (amplitude) modulation of low frequency electrostatic waves,

we shall employ a multiple scales (reductive perturbation) technique [24-26]. Only the es-

sential steps of the calculation are presented below; the tedious details are either reported

in the Appendix or, where appropriate, omitted, as they may be found elsewhere [25-26].

We consider a small (yet finite) deviation from the equilibrium state, in the form G(x, t) =

G0 +
∞∑
m=1

εm
∞∑

L=−∞
G(m)
L (ξ, τ) exp[iL(kx − ωt)] where ε � 1 is a (real) smallness parameter.

Here, the superscript m (subscript L, respectively) denote(s) the expansion order in ε (the

phase harmonic order m). All elements of G(m)
L satisfy the reality condition G

(m)
j,L = G

∗(m)
j,−L

(for j = 1, ..., 5), where the asterisk denotes the complex conjugate. The wave amplitudes

G
(m)
j,L = G

(m)
j,L (ξ, τ) are allowed to depend on the stretched (“slow”) coordinates ξ = ε (x− λ t)

and τ = ε2t, where the real variable λ is interpreted as the wave envelope’s propagation speed

(to be later identified as the DA wave group velocity, as physically anticipated). We proceed

by substituting this expansion into Eqs. (1) and isolating distinct orders in ε, for the m-th

order reduced equations L−th harmonic contributions; see Eqs. (A1) in the Appendix.

For m = 1 and L = 1, we obtain the linear dispersion relation

k2 + A−
∑

α=−1,1

zαψαNαk
2

ω2 − 3σαN2
αk

2
= 0, (2)

where A = νse + ρsi. This relation can be rewritten as follows,

a ω4 + b ω2k2 + ck4 = 0, (3)

with coefficients a = A + k2, b = −(
∑

α=−1,1

3aσαN
2
α + zαψαNα) = B1 + B2k

2 and c =

3
∏

α=−1,1

σαN
2
α(3a +

∑

α=−1,1

zαψα

σαNα
) = C1 + C2k

2, where B1 = −[1 + z+ψ+N+ + 3A(σ+N
2
+ + 1)],
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B2 = −3(1+σ+N
2
+), C1 = 3 σ+N

2
+

(
3A+ z+ψ+

σ+N+
+ 1

)
and C2 = 9 σ+N

2
+. Notice that a and c

(also, A and C1/2) are positive quantities, while b (also, B1/2) is (are) negative, by definition.

Provided that b2 − 4ac > 0 (ensured in are cases of interest; see below), two real solutions

are obtained for ω2. Two acoustic branches are thus obtained, in the form

ω2
1 = k2(−b−

√
b2 − 4ac)/2a , ω2

2 = k2(−b +
√
b2 − 4ac)/2a, (4)

where ω1 (ω2) corresponds to the low (high) angular frequency branch. For small k, these

branches behave as

ω1/2(k) ≈ c1/2k = k{[−B1 ∓ (B2
1 − 4AC1)

1/2]/2A}1/2 , (5)

where the minus (plus) sign corresponds to branch 1 (2), as obvious.

All state variables are thus expressed as oscillating quantities, to first order, whose am-

plitudes are proportional to (one of them, taken as a free variable, here chosen to be) the

electric potential perturbation amplitude φ
(1)
1 ; see (A2) in the Appendix.

The DA wave frequencies presented here are essentially linear thermal modes, both bear-

ing an acoustic behavior – viz. ω(k = 0) = 0 – since A 6= 0 here. Note, however, that

if the condition A = 0 were to be satisfied, then the upper branch would give its place

to a Langmuir-type “optical” mode [viz. ω(k = 0) 6= 0; set A = 0, hence a = k2, in (4,

5) to show this], similar to the one obtained in pair-plasmas [31] (the description of the

latter is formally analogous to ours, here). This condition may indeed be satisfied for very

small ion and/or electron densities (implying a strong background particle depletion due

to dust charging) and, in particular, in cold dusty plasma systems, as often encountered in

astrophysical situations.

Retain, for later reference, the definition(s) of the phase velocities c1,2 (essentially the

sonic speeds, here) in (5). Their (square) ratio is

c21
c22

=
1 −

√
1 − 4AC1/B

2
1

1 +
√

1 − 4AC1/B2
1

≈ AC1/B
2
1

1 − AC1/B2
1

, (6)

where, in the latter step, we have considered the behavior near k ≈ 0 for small values

of 4AC1/B
2
1 . It turns out that the ratio of the sonic speeds (and hence, of the acoustic

frequencies) bears very small values, when AC1 � B2
1 ; such is indeed the case in real cosmic

plasmas (see the first case considered below), hence the large frequency mismatch in the

associated dispersion plots (see discussion below).
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Considering the 2nd-order components of the reduced (amplitude) evolution equations,

a(n) (arbitrary) correction to the first harmonic amplitudes is obtained, in addition to zeroth

(L = 0) and second (L = 2) phase harmonics, due to the nonlinear self-interaction of the

carrier wave. Analytical expressions for all these quantities are presented in the Appendix.

A compatibility condition is also obtained, in the form

λ =
ω

k
{1 − [ω2

∑

α=−1,1

zαψαNα

(ω2 − 3σαk2N2
α)

2
]−1} . (7)

The envelope propagation speed λ thus comes out to be equal to the group velocity vg =

ω′(k), as physically expected. Note that λ = vg is here as everywhere lower than the linear

phase velocity vph = ω/k (cf. the slope in the dispersion curves, in the figures below). For

the sake of comparison with the simple cold plasma model presented in [19], we may add

that, ignoring the temperature effect (σα = 0), letting Nα = 1 and considering k � 1, the

DA wave group velocity becomes λ̄ =
√
−B1/A, which coincides with the result in [19].

Proceeding to the third-order in ε, the reduced amplitude evolution equations [i.e., pre-

cisely, Eqs. (A1) for m = 3, L = 1] provide an explicit compatibility condition, in the form

of a nonlinear Schrödinger equation

i
∂φ

(1)
1

∂τ
+ p

∂2φ
(1)
1

∂ξ2
+ q |φ(1)

1 |2φ(1)
1 = 0. (8)

The dispersion (p) and nonlinearity (q) coefficients are respectively given by

p = ϑ{1 +
(λk − ω)

k3

∑

α=−1,1

αR3
αNαzα
ψ2
α

[
(ω − 3λk)ω2 + 3σαk

2N2
α(3ω − λk)

]
} (9)

and

q = ϑ{−1

2
(νs3

e + ρs3
i ) − (a3 + b3)(νs

2
e − ρs2

i )

+
∑

α=−1,1

zαR
2
α k

ψα
[(a1 + b1ωRα)(ω

2 + 3σαk
2N2

α) + 2ωkNα(a2 + b2)]} , (10)

with

ϑ = −(2ω
∑

α=−1,1

zαR
2
αNα

ψα
)−1 ,

where ai, bi, (i = 1, 2, 3) and Rα are defined in the Appendix. See that the dispersion term

p is related to the curvature of the dispersion relation (8) via p = ω′′(k)/2, in line with the

main principles of modulation theory [24-26].
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It may be appropriate to examine the behavior of the dispersion and nonlinearity coeffi-

cients, p and q, in the large wavelength limit. For small k, the analysis shows that p behaves

as p ∼ p0k, while q behaves as q ∼ q0/k; here, p0 and q0 have lengthy expressions, which are

omitted for brevity. Note that p0 is negative, due to the curvature of the acoustic dispersion

curve(s) here obtained; on the other hand, the sign of q may vary, as will be discussed below.

4. MODULATIONAL INSTABILITY ANALYSIS-ENVELOPE EXCITATIONS

The NLSE (8), along with its coefficient definitions is the main outcome of the analysis

at this stage. The evolution of the wave’s amplitude depends on the coefficients p and q

[24-26], whose analytical behavior may be investigated in terms of the physical parameters

involved. As a matter of fact, whether the instability occurs or not depends on the sign

of the coefficient product pq, which can be studied numerically [24]. To show this, let

us first derive a condition for MI to occur, from equation (8) [24, 26, 30, 32]. Consider

the harmonic modulated amplitude solution ψ = ψ0 exp(iq |ψo|2 τ). Following the standard

stability analysis, one may perturb the amplitude by setting: ψo = ψ̂o + ε ψ̂1o exp[i(k̂ ξ −

ω̂ τ)]+c.c. (the perturbation wavenumber k̂ and the frequency ω̂ should be distinguished

from their carrier wave homologue quantities, denoted by k and ω). One thus obtains the

nonlinear (perturbation) dispersion relation:

ω̂2 = p k̂2(p k̂2 − 2q |ψ̂o|2). (11)

One immediately sees that if pq > 0, the envelope is unstable for k̂ < kc =
√

2q/p
∣∣∣ψ̂o

∣∣∣,
i.e. for perturbation wavelengths larger than a critical value 2π/kc (and stable for shorter

wavelengths); the maximum instability growth rate occurs at km = kc/
√

2. If pq < 0,

the amplitude will be stable to external perturbations. This MI mechanism is tantamount

to the well known Benjamin-Feir instability in hydrodynamics. Furthermore, modulational

instability is related to the occurrence of localized envelope structures (solitons) of various

kinds [24, 26]. Therefore, before proceeding to a numerical parametric investigation of the

wave’s stability profile, we may briefly refer to the envelope soliton solutions of equation (8).

The NLSE (8) is known to be integrable [24-26, 32, 33]. Its localized solutions, which

can be rigorously obtained via the Inverse Scattering Transform (IST) method, are properly

speaking solitons, in the sense that they satisfy an infinite number of conservation laws
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[24]; these solutions may be shown, both analytically (by simply evolving in time the exact

N-soliton solution) and numerically, to survive against collisions between one another and

also exhibit a robust behavior against external perturbations.

The modulated (electrostatic potential) wave finally resulting from the above analysis

may be obtained via an ansatz of the form [26, 30, 33] φ
(1)
1 (ξ, τ) =

√
Γ(ξ, τ) exp[i∆(ξ, τ)],

where Γ and ∆ are real functions, to be determined by substituting into the NLSE, (8), and

separating real and imaginary parts. The different types of solution are thus obtained.

For pq > 0, the carrier wave is modulationally unstable; it may either collapse, due to

random external perturbations, or evolve into the formation of bright envelope modulated

wavepackets, i.e. localized envelope pulses confining the fast carrier wave (see figures 4-

6 in [26]). The exact expression for these pulses, as derived rigorously in Ref. [33] (and

summarized, for instance, in Ref. [26]), reads

Γ = Γo sech2 [(ξ − vτ) /L] and ∆ =
{
vξ +

[
Ω −

(
v2/2

)]
τ
}
/2p, (12)

where v is the envelope velocity; L and Ω represent the pulse’s spatial width and oscillation

frequency at rest, respectively. We note that L
√

Γo =
√

2p/q = constant. Also, note

that the amplitude
√

Γo is independent of the pulse (envelope) velocity v here (contrary to

the Korteweg-de Vries soliton case [24], where the amplitude ψ and width L would satisfy

ψL2 =constant instead, and would both depend on the soliton velocity). It may be pointed

out that, although the bright pulse profile remains constant as it propagates, its phase bears

a (slow) space and time dependence, allowing for a slight deformation of the wave packet’s

internal structure during propagation.

On the other hand, for pq < 0, the carrier wave is modulationally stable and may propa-

gate as a dark (black or grey) envelope wavepacket, i.e. a propagating localized “hole” (or

a “void”) amidst a uniform wave energy region (see figures 7a and 7b in [26] for a heuristic

representation of a black or grey, respectively, envelope soliton). The exact expression for

“black” envelopes reads [26, 30, 33]:

Γ = Γ1tanh2 [(ξ − vτ) /L1] and ∆1 =
{
vξ +

[
2pqΓ1 −

(
v2/2

)]
τ
}
/2p, (13)

again L1

√
Γ1 =

√
2|p/q| =constant.
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The grey-type envelope (also obtained for pq < 0) is given in Ref. [26, 30, 33] as

Γ = Γ2{1 − d2 sech2[(ξ − v τ)/L2]}, (14)

and ∆2 =
V0ξ − (1

2
V 2

0 − 2pq Γ2)τ + ∆o

2p
− Λ sin−1{ d tanh [(ξ − v τ)/L2]√

1 − d2sech2[(ξ − v τ)/L2]
}.

Here ∆o is a constant phase; Λ denotes the product Λ = sign (p) × sign (v − V0). The

pulse width L2 =
√

|p/q|/Γ2/d now depends on the real parameter d, given by: d2 =

1+(v−V0)
2/(2pqΓ2) 6 1 . For d = 1, the black soliton is recovered from the latter formulae.

Finally, the two-soliton envelope solution of equation (8) is given by [24a]

φ
(1)
1 (ξ, τ) =

4
√
p/q exp(−ipτ/2)[cosh(3ξ/

√
2) + 3 cosh(ξ/

√
2) exp(−4ipτ)]

cosh(4ξ/
√

2) + 4 cosh(
√

2ξ) + 3 cos(4pτ)
. (15)

It is noted that, in all of these different envelope excitations, there is a characteristic pa-

rameter H =
√
p/q which determines the excitation’s amplitude and the width, in different

plasma applications. Furthermore, in equation (11), the critical wavenumber is given by

kc =
√

2/H|ψ̂o|. These envelope excitations have widely been studied in the existing bibli-

ography, both analytically and numerically.

5. PARAMETRIC STUDY AND DISCUSSION

We may now proceed by adopting a specific set of parameter values, and then numerically

evaluating the relevant quantities defined above. We shall rely extensively on the parameters

and discussion presented in Ref. [16].

5.1. Parameter values

In the following, we shall focus on two different real cases of study where our four-

component plasma model applies; we shall first consider the example of a cosmic dusty

plasma (Case 1 ), which is related to the polar mesospheric summer echoes (PMSE) [11,16],

and then proceed by examining a laboratory-produced dusty plasma [16] (Case 2 ).

In Case 1, we adopt the following parameter values: ρ = 5, se = 9.4 × 10−4, si = 9.6 ×

10−4, Z− = 7000, z+ = 0.01, µ+ = 10−6, β+ = 1, N+ = 100; cf. Ref. [16] (values computed

from Table 2 therein). In Case 2, the parameters are calculated from Table 1 in Ref. [16] as:
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ρ = 2.08, se = 1.22, si = 1.175, Z− = 6, z+ = 0.83, µ+ = 0.87, β+ = 0.99, N+ = 0.125. In

both case, we have made use of the neutrality condition, in order to calculate the normalized

electron number density ν self-consistently.

In order to facilitate the presentation, the above standard sets of values will be referred to

as the “reference sets” (employed in the “reference curve”, in the plots) where appropriate,

to be compared to different values considered in the following. Other sets or plot curves

may vary in one or two parameters with respect to the reference ones, as denoted in each

figure.

5.2. The single-dust-component limit

It may be instructive to consider a brief reference to the limit of a “traditional” three-

component dusty plasma, i.e., in the absence of positively charged dust particles. Returning

to the fluid equations (1), omitting the positive dust component and following the same

procedure, we obtain instead of equation (2), or (3), a quadratic polynomial dispersion

relation in ω, which possesses only one solution in ω2: only one frequency of DA wave

propagation in the positive x direction therefore exists, in this single-fluid limit. Let us

denote, in this case, the frequency and group velocity (i.e., the wave envelope propagation

velocity) by ωo and λo = ω′
o(k), respectively. Their expressions are given by

ωo = k
√

3 + (k2 + A)−1, and λo =
[
ω2
o − (ω2

o − 3k2)2
]
/(ωok). (16)

Equation (16) agrees with the results of Refs. [28-30], i.e. omitting the charge fluctuation

and ion nonthermality effects where appropriate.

Figure 1(a) shows that the frequency ωo increases with k (acoustic mode), but its value

decreases as either ρ, si or se increases. In fact, above k = 0.3, no significant variation of ωo

occurs, by varying different parameters. Thus, including more ions (or less electrons; cf. the

neutrality condition) results in a frequency decrease. The same occurs by including hotter

background electrons or ions (or colder negative dust). For Case 2, ωo is a linear function

of k which is practically independent of the system parameter values; cf. figure 1(b).

Figure 2 illustrates the variation of the wavepacket’s group velocity, λo, in the two cases

considered above. For Case 1, λo decreases as k increases; see figure 2(a). For k below

≈ 0.065, λo decreases as ρ, si or se increases; the inverse behavior occurs above that value.
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In fact, for the solid reference curve, λo continues decreasing by increasing k until it reaches

a minimum value at k = 0.320392 (not shown here), and thereafter slightly starts increasing

by increasing k. The same qualitative behavior is found in Case 2 (see figure 2(a)), however

the point at which the qualitative behavior changes is located at a higher value, at k ≈ 1.175,

and the minimum velocity occurs at k = 3.3957 (not shown here). It is remarked that, in

the three-component dusty plasma (in either Case 1 or 2 ), all the parameter variations

support the damping of the DA waves.

Figure 3 depicts the analytical profile of the coefficient product pq vs. the wavenumber k,

for Case 1, in order to determine the modulationally stable/unstable regions in the reduced

(three-component) dusty plasma limit here considered. As discussed in Section 4, for pq < 0

(pq > 0), the wave is stable (potentially unstable). As predicted, for very short wavenumber

values, i.e. for long wavelength DA waves, the wave is stable. In addition, for wavenumber

values among two critical values, say k01c < k < k02c, the wave is unstable, while it is stable

otherwise; here, k01c ≈ 0.11 and k02c ≈ 0.32. Thus, the choice of D’Angelo [16], in his linear

analysis with k = 10−8, lies in the stable region. The same qualitative picture is obtained

for Case 2 (not shown), where the characteristic wavenumber thresholds are k01c ≈ 1.17

and k02c ≈ 3.4. Both of these thresholds, k01c and k02c, are shifted to higher values (thus

extending the original long-wavelength stability region) by increasing either ρ, si or se (i.e.

by increasing the ion density, the ion/electron temperature, or decreasing electrons) – cf.

figure 4; therefore, one may control the system’s stability by adjusting the electron-ion

component characteristics (density, temperature). Here, we chose to provide only the plots

related to Case 1 ; the plots for Case 2 are omitted, but is qualitatively analogous.

Concluding this paragraph, the critical modulational stability profile in a three-

component dusty plasma in our cases of interest bears similar qualitative features, yet in

different wavenumber ranges. Long- and short- wavelengths are stable, and may propagate

as dark-type envelope modulated wavepackets, while intermediate wavelengths (within a spe-

cific window, delimited by two thresholds) are unstable, and may evolve into the formation

of bright envelope solitons.

In the following, we shall investigate the effect of the fourth (positive dust) component

on the system’s stability and on the main plasma properties. According to equations (3)

- (5), considering the fourth positive dust particles results in two different wave frequency

branches, henceforth denoted by ω1 and ω2; these are associated with two different group
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velocities, λ1 and λ2, given by equation (7). According to physical intuition, as we have

two dust species with different masses, the lighter (heavier) species would tend to occupy

the upper (lower) frequency mode. In both Cases 1 and 2, considered above, the positive

dust component is lighter in mass (extremely so, in Case 1 ) than the heavier negative dust

counterpart. In other words, in our cases, one should tend to associate the positive/negative

dust species with the upper/lower mode, respectively. Now, having considered the three-

component dusty plasma limit (by cancelling the lighter positive dust part), one is left with

the lower dispersion branch. Therefore, it seems reasonable to assume that, when “switching

on” the fourth (positive dust) component, ωo gets modified to become ω1 (the lower mode),

while ω2 (the upper mode) is born.

To avoid confusion, we shall distinguish the two cases into the following two subsections.

5.3. Case 1 : cosmic dusty plasma.

First of all, let us point out, regarding the lower dispersion curve, that the behavior of ω1

and λ1, as well as their dependence on parameters ρ, si and se, is qualitatively reminiscent

of (and, in fact, directly analogous to) the analytical behavior of ωo and λo, respectively.

The analytical behavior of the frequency of both curves with respect to various positive-

dust related plasma parameters is shown in figures 5(a) and (b). The value of ω1 decreases

as N+ or z+ increases, as seen in figure 5(a); a higher concentration of positive dust, and/or

an increase in the positive dust grain charge, thus result(s) in a decrease of the lower mode

frequency. On the other hand, no significant dependence is observed on µ+ or β+. Figure

5(b) depicts the higher frequency mode. Although practically independent from ρ, si, se

or z+, the upper frequency ω2 increases (decreases) as N+ or β+ (µ+) increases; therefore,

a higher positive dust presence results in faster upper mode oscillations, while considering

heavier positive dust grains (higher mass) leads to the opposite effect.

The behavior of the envelope velocity λ1 bears the same qualitative characteristics as

that of ω1 and, in fact, as λo (3-component dusty plasma limit), with respect to changes in

the values of basic parameters, and it also varies with the positive dust parameters. Figure

6(a) shows that for k below 0.085, λ1 decreases as z+ or N+ increases (the opposite variation

occurs above that value). The velocity λ1, similar to ω1, presents no significant dependence

on either µ+ or β+. The characteristics of the upper DA mode characteristic wave velocity λ2
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are investigated in figures 6(b) and (c). For k below 0.055, λ2 decreases as ρ, si or se increases

(the opposite variation occurs above that value). The velocity λ2 reaches a minimum at a

lower wavenumber value than λo (see above). For the solid reference curve in figure 6(b),

this occurs at k ≈ 0.169. In figure 6(c), it is seen that λ2 is strongly affected by changes

in any of the positive dust parameters, however small. λ2 decreases as µ+ increases, while

changes in β+ or N+ yield the opposite effect. Also, for k < 0.24 (k > 0.24), λ2 increases

(decreases) as z+ increases.

The positive dust parameters play a significant role in determining the critical wave

numbers, in order to distinguish between stable/unstable regions. We denote the two critical

wavenumber thresholds by kj1c and kj2c, referring to ωj; here j = 1(2) for the lower (upper)

mode, respectively. First, both k11c and k12c values are shifted to higher ones, with respect

to that of k01c and k02c (in the 3-component dusty plasma). Figure 7 shows that due to

increasing of N+ or z+, both k11c and k12c increase; however, no significant effect is found

against variations of either β+ or µ+. The same qualitative behavior is witnessed for the

upper mode thresholds k21c and k22c (not depicted). For reference and clarity, we note that,

for the solid curve in figure 7, taking z+ = 0.01 leads to k11c ≈ 0.114 and k12c ≈ 0.33, while

for the upper mode ω2, the values are k21c ≈ 0.097 and k22c ≈ 0.169. It is thus evident that

the instability region for the upper mode ω2 is restricted to a smaller range of k values, as

compared with that of ω1.

5.4. Case 2 : laboratory dusty plasma.

Contrary to what was observed in Case 1, the values of ω2 and λ2 and their dependence

on ρ, si and se are analogous to that of ωo and λo, respectively. Here, ω2 (coincides in

its behavior with ωo) does not appear to be affected by the inclusion of the positive dust

component; the velocity λ2, however, does.

Figure 8 investigates the analytical behavior of ω1. Unlike in Case 1, here both modes

have frequencies which essentially depend linearly on the propagation wavenumber k. The

lower frequency ω1 increases as z+, β+ or N+ increase(s) (so more or higher charged positive

dust leads to a faster lower mode), while on the other hand, it decreases as ρ, se or µ+ increase

(thus heavier positive dust, more ions, less electrons or a hotter electron background bear

the opposite effect). No essential variation occurs for si changes. Since ω2 bears essentially
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an identical form as ωo, depicted in figure 1(b), it is not shown again.

With respect to the two possible DA group velocities and their dependence on the positive

dust fluid parameters, Figures 9(a) and (b) show that λ1 increases (decreases) as z+, β+ or

N+ (ρ, se, si or µ+, respectively) increases. Therefore, the dependence of the envelope speed

λ1 on various plasma parameters is analogous to that of the associated frequency ω1; this is

expected, since λ1 is essentially the first derivative of ω1 with respect to k (expressed by the

slope of the dispersion curve). On the other hand, the upper mode velocity λ2 decreases as

N+, z+ or µ+ increases, though it is not affected by β+ changes.

In view of determining the boundaries between the unstable and stable regions related

to each frequency, regarding the upper mode ω2, we have obtained a graph qualitatively

similar to figure 3, yet with modified thresholds: k21c ≈ 1.14 and k22c ≈ 3.31. As for the

lower mode ω1, figure 10 shows that long wavelength DA waves with wavenumbers k lower

than k1c ≈ 3.739 are unstable, while shorter wavelengths (higher k) are stable. Note that

there is only one critical point in this case. Figure 11 is a contour plot of the curves pq = 0

showing the variation of k1c with plasma parameters. We see that k1c decreases rapidly for

low values of the positive-to-negative dust density ratio N+, while it becomes practically

constant thereafter. For low values of N+, k1c is independent of µ+, while for higher values

of N+, k1c increases as µ+ decreases. Also, k1c increases as ρ, z+ increases, while it decreases

with β+. The variation of both k21c and k22c with respect to either ρ, si or se is qualitative

similar to what was described in figure 4 for k01c and k02c, yet with different ranges. The

effect of z+, µ+, β+ and N+ on k21c and k22c is illustrated in figure 12. While µ+ does not

affect k22c, the first threshold k21c increases as µ+ increases. Furthermore, as β+ increases,

k22c increases, though no significant effect is witnessed on k21c. An increase of the positive

dust component (via higher values of N+) results in an increase in both k21c and k22c (and

thus extending the initial stability region, for low k).

Regarding the Langmuir-type optical mode which arises in pair plasmas (see, e.g., in Ref.

[31]), as discussed above, one might feel tempted to check the possibility of its occurrence

in these two cases. For Case 1, A = 85.6× 10−4, which, however small, is a finite (non-zero)

value. If one found a justified situation for which A = 0 (in the limit, say, of ultra cold

dust, hence se, si → 0), this mode would appear with a normalized frequency ω̄ ≈
√
−B1−

(B1B2−C1)

2B1
√
−B1

k2 + ... In Case 2, however, we find A = 3.76, and therefore no possible optical

mode may occur in Case 2.
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Concluding, we may add that, in both cases considered here, the charged dust grains were

characterized by radii smaller than 1µm [16], and thus gravitational forces are negligible

[4]. Furthermore, Landau damping of DA waves (inevitably omitted in a plasma fluid

description) is also not an issue of concern here, since the waves considered possess a phase

velocity which is much smaller than the ion (and, a fortiori, the lighter electron) thermal

speed [3, 34, 35].

6. CONCLUSION

Employing the reductive perturbation technique, the nonlinear mechanism of amplitude

modulation (due to carrier self-interaction) of electrostatic dust acoustic (DA) waves in

opposite polarity (positive-negative) dusty plasmas has been investigated. The plasma con-

sidered in this study is composed of Maxwellian electrons and ions, in addition to both

positive and negative dust grains which differ in mass, temperature and density. We have

shown that the slow variation of the wave’s amplitude modulation in space and time is

described by a nonlinear Schrödinger equation (NLSE). The explicit condition for the oc-

currence of modulational instability (MI) is calculated; the same condition is related to the

formation of localized envelope structures. Exact expressions for a number of envelope soli-

ton solutions of the NLSE, of relevance here, are presented, namely referring to envelope

solitons of the bright or dark (black/grey) type. Mutual interactions among envelope pulse

soliton interactions may be investigated with the help of the two-soliton solution, also ana-

lytically presented. By ignoring the fluid temperatures as well as the density disparity, for

small wavenumbers k, our model recovers the simpler model of Sayed and Mamun [19]. On

the other hand, all known previous results on DA wave amplitude modulation [28-30] are

recovered, after omitting complex aspects, e.g., modulation obliqueness or nonthermal ion

effects.

The simpler limiting case of a three component dusty plasma (in the absence of the

positive dust fluid) has also been briefly investigated. In that case there is only one possible

wave frequency, which leads to two critical wavenumber k thresholds, featuring an instability

region for k between them. As predicted, for small wavenumbers k, DA wave packets are

stable. Building up complexity, we have extended those results to the four-component

dusty plasma of our interest, by applying the proposed theoretical model to two different
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situations; the first (cosmic dusty plasma paradigm) is related to polar mesospheric summer

echoes (PMSE) [11,16] (Case 1 ), while the second one describes a laboratory-produced dusty

plasma model [16] (Case 2 ). The existence of the positive dust fluid results in a creation of

a second, higher frequency acoustic mode, in both Cases 1 and 2. In Case 2, the DA wave

frequency ωo in the three-component dusty plasma, now appears as the lower dispersion

curve ω1, while a higher frequency ω2 arises in the two-fluid model. In Case 2, the stability

analysis of the lower mode ω1 shows that there is only one critical wavenumber below which

all the DA waves are unstable. However, this normalized critical wavenumber has a rather

high value. Indeed, Landau damping effects (expected to enter into play at high k) may

presumably impede this mode, but this speculation is out of our main scope here. On the

other hand, regarding both modes in Case 1, and also for ω2 in Case 2, DA waves will

be unstable among two critical wavenumbers, which differ from one case to another. The

dependence of each mode’s frequency, group velocity and characteristic stability thresholds

on all relevant plasma parameters has been extensively investigated in Section 5. We find

that the positive dust fluid parameters play an essential role in determining the stability of

the wave. Moreover, in general, the modes obtained in Case 1 are more stable than those

in the second case.

By now, the different applications of the present model should be clear to the reader.

This problem is of relevance in astrophysics, in relation with the recorded dust wave en-

velope PMSE modes [11, 16, 36] or with noctilucent clouds (NLC) [11] which have similar

characteristics but are observed at different altitudes of the Earth’s magnetosphere. Finally,

our results are of relevance in dusty plasma discharge experiments, in the laboratory [16].

Anticipating further extension of the present work, including the role of the ambient mag-

netic field to study electrostatic dust-cyclotron waves, as well as incorporating collisions [37]

in the model, may be an interesting direction. The obliqueness of the wave propagation may

modify the stability boundaries. In addition, in exotic environments where light yet heavily

charged dust grains may acquire high velocities, including relativistic effects should result

in a shift of the unstable region [38].
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APPENDIX A: THE REDUCTIVE PERTURBATION ANALYSIS DETAILS

The m-th order reduced equations evaluated from the basic equations (1) are given by

− iL(ωn
(m)
α,L − kNαu

(m)
α,L) − λ

∂n
(m−1)
α,L

∂ξ
+
∂n

(m−2)
α,L

∂τ
+Nα

∂u
(m−1)
α,L

∂ξ

+
∞∑

m′=1

∞∑

L′=−∞

[iLku
(m−m′)
α,L−L′ n

(m′)
α,L′ +

∂ (n
(m′)
α,L′u

(m−m′−1)
α,L−L′ )

∂ξ
] = 0, (A1a)

− iL(ωu
(m)
α,L − 3σαk Nαn

(m)
α,L − αψαk φ

(m)
L )−λ

∂u
(m−1)
α,L

∂ξ
+3σαNα

∂n
(m−1)
α,L

∂ξ
+αψα

∂φ
(m−1)
L

∂ξ

+
∂u

(m−2)
α,L

∂τ
+

∞∑

m′=1

∞∑

L′=−∞

[iL′k(u
(m−m′)
α,L−L′ u

(m′)
α,L′ + 3σn

(m−m′)
α,L−L′ n

(m′)
α,L′ ) + u

(m−m′)
α,L−L′

∂ u
(m′−1)
α,L′

∂ξ

+ 3σαn
(m−m′)
α,L−L′

∂ n
(m′−1)
α,L′

∂ξ
] = 0, (A1b)

− [L2k2 + (νse + ρsi)]φ
(m)
L +

∑

α=−1,1

αzαn
(m)
α,L + 2iLk

∂φ
(m−1)
L

∂ξ
+
∂2φ

(m−2)
L

∂ξ2

− 1

2

∞∑

m′=1

∞∑

L′=−∞

(νs2
e − ρs2

i )φ
(m′)
L′ φ

(m−m′)
L−L′

− 1

6

∞∑

m′, m′′
=1

∞∑

L′, L′′
=−∞

(νs3
e + ρs3

i )φ
(m′)
L′ φ

(m
′′
)

L′′ φ
(m−m′−m′′

)

L−L′−L′′ = 0. (A1c)

a. First order in ε. The first harmonic amplitudes in order O(ε) are

n
(1)
α,1 = kNαRαφ

(1)
1 and u

(1)
α,1 = ωRαφ

(1)
1 , (A2)

with Rα = αψαk(ω
2 − 3σαk

2N2
α)

−1. It must be added, for completeness, that the zeroth

harmonic (L = 0) first order (m = 1) equations lead to Aφ
(1)
0 − z+n

(1)
+,0 +n

(1)
−,0 = 0. Although
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the existence of such a (constant, first order) contribution is a priori not to be excluded,

we shall explicitly assume that no L = 0 (zeroth harmonic) term arises in order O(ε), viz.

n
(1)
α,0 = u

(1)
α,0 = φ

(1)
0 = 0.

b. Second order in ε. The amplitudes of the (2nd-order correction to the) first har-

monics are given by

n
(2)
α,1 =

2iR2
αNαω

αψαk
(λk−ω)

∂φ
(1)
1

∂ξ
, u

(2)
α,1 =

iR2
α

αψαk
(ω2+3σαk

2N2
α)(λ−

ω

k
)
∂φ

(1)
1

∂ξ
and φ

(2)
1 = 0. (A4)

The second-order equations provide (for L = 2) the (amplitudes of the) 2nd-harmonic

contribution to the state vector components, as

n
(2)
α,2 = a1[φ

(1)
1 ]2 u

(2)
α,2 = a2[φ

(1)
1 ]2 and φ

(2)
2 = a3[φ

(1)
1 ]2, (A3)

where a1 = kRαNα[a3 + 3(ω2+σαk2N2
α)R2

α

2αψα
], a2 = ωRα[a3 + (ω2+9σαk2N2

α)R2
α

2αψα
] and a3 = 1

6k2 {ρs2
i −

νs2
e +

∑

α=−1,1

[3zαkR3
α

ψα
(ω2 + σαk

2N2
α)]}.

Finally, the zeroth-harmonics’ amplitudes read

n
(2)
α,0 = b1|φ(1)

1 |2 , u(2)
α,0 = b2|φ(1)

1 |2 , and φ
(2)
0 = b3|φ(1)

1 |2 , (A5)

where b1 = Nα

(λ2−3σαN2
α)

[αψαb3 +R2
α(ω
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2N2
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List of Figure Captions

Figure 1 For a three-component dusty plasma, the frequency ωo is plotted against the

wavenumber k for the parameters of: (a) Case 1, and (b) Case 2. In (a), the curves are

arranged from bottom to top as: dashed curve: ρ = 7.5; dotted curve: for si = 15 × 10−4;

solid curve (reference curve, for comparison): ρ = 5, se = 9.4 × 10−4 and si = 9.6 × 10−4;

top solid curve: se = 5 × 10−4. In (b), ρ = 2.08, se = 1.22 and si = 1.175.

Figure 2 λo is plotted against k for Case 1 in (a) and for Case 2 in (b), respectively. In

(a), the curves are arranged with the same parameter values as those in figure 1 (a). In (b),

the curves are arranged from bottom to top as: dashed curve, for ρ = 2.5; thick solid curve,

for si = 1.3; solid curve (reference curve, for comparison) for ρ = 2.08, se = 1.22, si = 1.175;

dotted curve, se = 0.9.

Figure 3 The product pq is depicted against k for Case 1 (in a three-component dusty

plasma), with ρ = 5, se = 9.4 × 10−4 and si = 9.6 × 10−4.

Figure 4 The variation of the critical wavenumbers k01c and k02c is shown in part (a)

and (b) respectively against ρ. The solid (reference) curve corresponds to the parameter

values in figure 1(a). The dotted curve is for se = 8 × 10−4 and the dashed curve is for

si = 11 × 10−4 (remaining parameters unchanged).

Figure 5 For Case 1 (four-component dusty plasma), the frequencies ω1 and ω2 are

represented against the wavenumber k. In (a), the dotted curve is for z+ = 0.1, the dashed

curve is for N+ = 350 and the solid curve is the reference curve [as in figure 1(a)], with

β+ = 1, z+ = 0.01, N+ = 100 and µ+ = 10−6. In (b), the curves are arranged from bottom

to top as follows: dotted curve, for µ+ = 1.1× 10−6; solid curve (reference curve) with same

parameters as in panel (a), thick solid curve, for β+ = 1.25, and dashed curve, for N+ = 120,

respectively. The other parameters are chosen as those of the reference curve.

Figure 6 The group velocity (envelope propagation speed) in the two dispersion branches,

λ1 and λ2, is plotted against k. In (a), the parameter values and the associated curve styles

are chosen to be the same as in figure 5(a); refer to the caption therein. In (b), the curves

are plotted from bottom to top as follows: ρ = 7.5 (dashed curve); si = 15 × 10−4 (dotted

curve); reference curve, as in figure 5(a) (solid curve); se = 5×10−4 (top solid curve). In (c),

the curves are arranged from bottom to top as follows: dashed curve, for µ+ = 1.1 × 10−6;

solid curve [reference curve as in figure 5 (a)]; dotted curve, for z+ = 0.5; solid curve, for
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β+ = 1.05; dashed curve, for N+ = 105.

Figure 7 The wavenumber thresholds k11c and k12c are depicted against z+ in (a), and

(b) respectively. The solid curve represents the reference curve, as in figure 5 (a); the dotted

curve is for N+ = 50, and the dashed curve is for N+ = 150.

Figure 8 For Case 2 (four-component dusty plasma), the lower [upper] mode frequency

ω1 [ω2] is plotted against the wavenumber k in (a) and (b) [in (c)]. In (a), the dotted curve

is for se = 0.5; dashed curve, for ρ = 3.5; solid (reference) curve, as in figure 1(b), with

z+ = 0.83, µ+ = 0.87, β+ = 0.99 and N+ = 0.125. In (b), the curves from bottom to top

refer to: z+ = 0.025 (dotted curve); reference curve, as in panel (a) (solid curve); β+ = 1.3

(thick solid curve); µ+ = 0.1 (top dashed curve). In (c), ω2 shows the same behavior as ωo

did in figure 1(b), where the parameters are taken as those of the reference solid curve in

panel (a).

Figure 9 The group velocity (envelope propagation speed) in the two dispersion branches,

λ1 and λ2, is plotted against the wavenumber k. In (a), the curves from bottom to top are

arranged as follows: ρ = 2.5 (dashed curve); si = 1.3 (thick solid curve); reference curve,

as in figure 8(a) (solid curve); se = 0.9 (top dotted curve). In (b), the curves from bottom

to top refer to: z+ = 0.5 (dotted curve); reference curve, as in figure 8(a) (solid curve);

β+ = 1.25 (dashed curve); N+ = 0.15 (thick curve); µ+ = 0.5 (top dashed curve). In (c), the

curves from bottom to top are: N+ = 0.3 (dashed curve); reference curve, as in figure 8(a)

(solid curve); z+ = 0.01 (dotted curve); µ+ = 0.1 (top thick solid curve). The remaining

parameters (wherever omitted) are taken as those in the reference curve in figure 8(a).

Figure 10 The coefficient product pq is depicted against the wavenumber k for the lower

mode ω1 in Case 2, adopting the same parameters as those in the reference curve, in figure

8 (a).

Figure 11 The contour plot pq = 0 is represented against the wavenumber k (vertical

axis) and N+ (horizontal axis). The area above (below) each contour represents the sta-

ble (unstable) region(s). The contours are plotted from bottom to top, respectively for:

z+ = 0.75 (dotted curve); β+ = 1.15 (dashed curve); the reference contour [with the same

parameters as the reference one in figure 8 (a)] (solid curve); µ+ = 0.25 (thick solid curve);

ρ = 2.25 (dashed curve, on top). Remaining parameters omitted are the same as those in

the solid reference contour.

Figure 12 The characteristic wavenumber thresholds k21c and k22c are plotted against
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z+ in (a) and (b) respectively. In both panels, the solid curve is the reference curve as in

figure 8(a) and the dotted curve is for N+ = 0.25. In (a), the dashed curve is for µ+ = 0.25;

in (b), the dashed curve is for β+ = 1.1.
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