
Oblique Amplitude Modulation of Dust-Acoustic Plasma Waves

I. Kourakis� and P. K. Shukla

Institut für Theoretische Physik IV, Fakultät für Physik und Astronomie, Ruhr-Universität Bochum, D-44780 Bochum, Germany

Received October 24, 2003; accepted November 11, 2003

PACS Ref: 52.27.Lw, 52.35.Fp, 52.35.Mw, 52.35.Sb

Abstract

Theoretical and numerical studies are presented of the nonlinear amplitude

modulation of dust–acoustic (DA) waves propagating in an unmagnetized

three component, weakly-coupled, fully ionized plasma consisting of electrons,

positive ions and charged dust particles, considering perturbations oblique to

the carrier wave propagation direction. The stability analysis, based on a

nonlinear Schrödinger-type equation (NLSE), shows that the wave may

become unstable; the stability criteria depend on the angle � between the

modulation and propagation directions. Explicit expressions for the instability

rate and threshold have been obtained in terms of the dispersion laws of the

system. The possibility and conditions for the existence of different types of

localized excitations have also been discussed.

1. Introduction

The study of the dynamics of dust contaminated plasmas
(DP) has recently received considerable interest due to their
occurrence in real charged particle systems, e.g., in space
and laboratory plasmas and the novel physics involved in
their description [1]. An issue of particular interest is the
existence of special acoustic-like oscillatory modes, e.g., the
dust–acoustic waves (DAWs) and dust–ion–acoustic waves
(DIAW), which were theoretically predicted about a
decade ago [2,3] and later experimentally confirmed [4,5].
The DAW, which we consider herein, relies on a new
physical mechanism in which inertial dust grains oscillate
against a thermalized background of electrons and ions
which provide the necessary restoring force. The phase
speed of the DAW is much smaller than the electron and
ion thermal speeds, and the DAW frequency is below the
dust plasma frequency.
A long-known generic characteristic of nonlinear wave

propagation is amplitude modulation due to the nonlinear
self-interaction of the carrier wave, which generates higher
harmonics. The standard method for studying this
mechanism is a multiple space and time scale technique
[6,7], which leads to a nonlinear Schrödinger-type equation
(NLSE) describing the evolution of the wave envelope. It
has been shown that, under certain conditions, waves may
develop a Benjamin–Feir-type (modulational) instability
(MI), i.e., their modulated envelope may collapse under the
influence of external perturbations. Furthermore, the
NLSE-based analysis, already present in a wide variety of
contexts [8–10], reveals the possibility of the existence of
localized excitations (solitary wave structures) whose form

and behaviour depend on criteria similar to the ones
necessary for MI to occur.

Not surprisingly, plasma wave theory has provided an
excellent test bed for this approach since a long time ago
[7,11–19] and dusty plasma waves were no exception [20–
22]. Among other noteworthy results, electron plasma
modes have been shown to be stable against parallel
modulation [11]; so do the ion plasma modes, yet only for
perturbations below a specific wavenumber threshold [12].
Electron and ion acoustic modes, even though stable to
parallel modulation [11,13,14,23], are found to be unstable
if one takes into account finite temperature effects
[12,15,16] or, most interesting to us, when subject to an
oblique modulation of the wave amplitude [17–19]. These
results, based on Poisson–moment plasma equations, have
been confirmed by similar studies from a kinetic point of
view [24], for the ion–acoustic wave in an electron–ion
plasma. In dusty plasma, the amplitude modulation of the
DAW and DIAW has been investigated in Refs. [20–22];
similar studies have been carried out for oscillations in
(strongly-coupled) dusty plasma quasi-crystals [25–26].
Finally, let us mention that attempts have been made to
refine the description of the DIAW modulation by
including non-planar geometry effects [27], following an
idea applied earlier in the KdV (Korteweg–de Vries)
description of a dusty plasma [28], and dust-charge
fluctuation effects [21], an issue of particular importance
in the present-time DP surveys (see e.g., Refs., [29,30]; also
Ref. [1]). These effects, omitted in the present investigation,
will be considered in a forthcoming work.

In this paper, we study the modulational instability of
dust–acoustic plasma waves propagating in an unmag-
netized plasma contaminated by a population of charged
dust grains, whose dimensions and charge are assumed
constant, for simplicity. Amplitude modulation is allowed
to take place in an oblique direction, at an angle � with
respect to the carrier wave propagation direction. Once an
explicit criterion for the occurrence of instability is
established, our aim is to trace the influence of � on the
conditions for the MI onset, and determine the magnitude
of the associated instability growth rate. Finally, we shall
also examine the possibility of the formation of localized
excitations and discuss their characteristics. Exact new
expressions are derived for all quantities of interest, in
terms of the system’s dispersion laws. Among other
physical parameters discussed, our formulation leaves
open the choice of sign of dust charge (signqd ¼ �1)
(most often taken to be negative since this is the most
frequently occurring case [1]) and the dust pressure
(‘‘temperature’’) scaling. Our aim in doing so is to address,
among others, the question of the influence of the dust
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charge sign on the amplitude modulation mechanism. We
may also attempt to clarify the effect of taking (or not) into
account the dust pressure evolution equation (omitted, e.g.,
in Ref. [20]) in the analysis.
The manuscript is organized as follows. In the next

Section, the analytical model is introduced. In Section 3, we
carry out a perturbative analysis by introducing appro-
priate slow space and time evolution scales, and derive a
NLS-type equation which governs the (slow) amplitude
evolution in time and space. The exact form of dispersion
and nonlinearity coefficients in the NLS-type equation is
presented and discussed. In Section 4, we carry out a
stability analysis of the NLSE allowing for a thorough
study of the DAW stability in various regions of the
physical parameters involved. The analysis is pursued in
Section 5, where we discuss the possibility of the existence
of localized solutions of the NLSE, and identify their forms
in different parameter regions. Finally, we briefly summar-
ize our results in the concluding Section.

2. The model

We consider a three component collisionless unmagnetized
dusty plasma consisting of electrons (mass m; charge e),
ions (mass mi; charge qi ¼ þZie) and heavy dust particu-
lates (mass md; charge qd ¼ sZde), henceforth denoted by
e; i, and d respectively. Dust mass and charge will be taken
to be constant, for simplicity. Note that both negative and
positive dust charge cases are considered, distinguished by
the charge sign s ¼ sgnqd ¼ �1 in the formulae below.

2.1. Evolution equations

The basis of our study includes the moment–Poisson
system of equations for the dust particles and Boltzmann
distributed electrons and ions. The dust (number) density
nd is governed by the (continuity) equation

@nd
dt

þ r � ðndud Þ ¼ 0; ð1Þ

and the dust mean velocity ud obeys

@ud
dt

þ ud � rud ¼ � qd
md

r�� 1

mdnd
rpd; ð2Þ

where � is the electric potential. The dust pressure pd obeys

@pd
dt

þ ud � rpd ¼ ��pdr � ud ð3Þ

Here � ¼ ð fþ 2Þ=f is the ratio of specific heats ( f is the
number of degrees of freedom), e.g., � ¼ 3 in the adiabatic
one-dimensional (1d) case and � ¼ 2 in the two-dimen-
sional (2d) case. The system is closed with Poisson’s
equation

r2� ¼ �4�
X

qsns ¼ 4�ðnee� qini � qdnd Þ
� 4�eðne � Zini � sZdnd Þ; ð4Þ

note that the right-hand side cancels at equilibrium due to
the overall neutrality condition

ne;0e� ni;0qi � nd;0qd ¼ 0: ð5Þ

The right-hand side in (4) is often formulated in terms of
the ratio � ¼ ne;0=ðZini;0Þ; for convenience, we have

� ¼ 1þ s
Zd

Zi

nd;0
ni;0

ð6Þ

due to (5), so that a value lower (higher) than 1
corresponds to negative (positive) dust charge; � obviously
tends to unity in the absence of dust (in any case, � > 0).
We will retain this notation in the following, for the sake of
reference to previous works.

The electrons and ions are assumed to be close to a
Maxwellian equilibrium. The corresponding densities are

ne � ne;0 e
e�=kBTe ;

and

ni � ni;0 e
�Zie�=kBTi ; ð7Þ

where Ts denotes the temperature of species s ¼ e; i (kB is
the Boltzmann constant).

2.2. Reduced equations

Re-scaling all variables over appropriately chosen quan-
tities and developing around � ¼ 0; Eqs. (1)–(7) can be
cast in the reduced form

@n

dt
þ r � ðnuÞ ¼ 0;

@u

dt
þ u � ru ¼ �sr�� �

n
rp;

@p

dt
þ u � rp ¼ ��pr � u;

and

r2� ¼ �� ��2 þ �0�3 � s�ðn� 1Þ; ð8Þ

where all quantities are non-dimensional: n ¼ nd=nd;0,
u ¼ ud=v0, p ¼ pd=p0 and � ¼ �=�0; the scaling quantities
(index 0) are, respectively: the equilibrium density nd;0; the
‘‘dust sound speed’’ v0 ¼ vd ¼ ðkBTe=md Þ1=2, p0 ¼ nd;0kBTe

and �0 ¼ ðkBTe=ZdeÞ: Space and time in (8) are, respec-
tively, scaled over: the DP effective Debye length
lD;eff ¼ ðl�2

D;e þ l�2
D;iÞ�1=2 (where lD;s ¼ ðkBTs=4�ns;0q

2
s Þ1=2,

s ¼ e; i) and the inverse DP plasma frequency
!�1
p;d ¼ ð4�nd;0q2d=md Þ�1=2: Recall that s ¼ sgn qd; so the

influence of the dust charge sign will be traced via the
appearance of s in the forthcoming formulae. Finally,
� ¼ p0=ðnd;0kBTeÞ is equal to unity, given the above choice
for p0; nevertheless, �-often interpreted as a temperature
ratio via a different scaling, see e.g., [21]—will be retained
in order to ‘‘tag’’ the influence of the coupling to pressure
evolution equation (3) being taken into account—as
compared to a previous work [20] where Eq. (3) has been
omitted. As a matter of fact, expressions (9)–(11) therein
are readily recovered hereupon setting � ¼ 0, s ¼ �1,
�0 ¼ 0 in Eq. (8) above.
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The dimensionless parameters appearing in (8) are

� ¼ 1

2Zd

Z3
i

Te

Ti

� �2
ni;0
ne;0

� 1

Z2
i

Te

Ti

ni;0
ne;0

þ 1

; �0 ¼ 1

6Z2
d

Z4
i

Te

Ti

� �3
ni;0
ne;0

þ 1

Z2
i

Te

Ti

ni;0
ne;0

þ 1

;

and

� ¼ lD;eff
!p;d

vd

� �2

� cD
vd

� �2

;

where cD ¼ lDeff
!p;d is the DA speed [1]. Alternatively, in

terms of � defined above, one has: � ¼ �ð1=2Þð��21 � �22Þ=
ð��1 þ �2Þ, �0 ¼ ð1=6Þð��31 þ �32Þ=ð��1 þ �2Þ, � ¼ sð�� 1Þ=
ð��1 þ �2Þ, where �1 ¼ 1=Zd and �2 ¼ ðZi=ZdÞðTe=TiÞ: All
these parameters are positive [31]. For �� �2=�1 ¼
ZiðTe=TiÞ, we have the approximate expressions:
� � �2=2 ¼ ðZi=2ZdÞðTe=TiÞ and �0 � �22=6 ¼ ðZ2

i =6Z
2
dÞ

ðT2
e=T

2
i Þ � 2�2=3; as in Ref. [20]; also: � � ðZ2

d=Z
2
i Þ

ðnd;0=ni;0ÞðTi=TeÞ: A comment should be made, regarding
the order of magnitude of the parameters �; �0; �: Notice
that � takes very small (positive) values (as low as, say,
10�4 to 10�2) and so does �0; however, � may take high
values, e.g., ranging from zero (for � ¼ 1 i.e., no dust) to,
say, 102–103: Therefore, the numerical result of the scaling
in our (DAW) case is completely different from the one in
the dust ion-acoustic (DIAW) case [22], despite the
apparent similarity in the model expressions [20,32]; this
is why we chose not to analyse the DIAW case any further,
in the same text.

3. Perturbative analysis

3.1. Outline of the method

Let S be the state (column) vector ðn; u; p; �ÞT; describing
the system’s state at a given position r and instant t: We
shall consider small deviations from the equilibrium state
Sð0Þ ¼ ð1; 0; 1; 0ÞT by taking

S ¼ Sð0Þ þ "Sð1Þ þ "2Sð2Þ þ � � � ¼ Sð0Þ þ
X1
n¼1

"nSðnÞ;

where "� 1 is a smallness parameter. Following the
standard multiple scale (reductive perturbation) technique
[6], we shall consider the following stretched (slow) space
and time variables

	 ¼ "ðx� ltÞ; ! ¼ "2t; ð9Þ
where l; bearing dimensions of velocity, is to be later
interpreted as the group velocity in the x direction. In order
to take into account the influence of an oblique amplitude
modulation on the DA wave, we will assume that all
perturbed states depend on the fast scales via the phase
�1 ¼ k � r� !t only, while the slow scales enter the
argument of the lth harmonic amplitude S

ðnÞ
l ; which is

allowed to vary along x;

SðnÞ ¼
X1
l¼�1

S
ðnÞ
l ð	; !Þ eilðk � r�!tÞ:

The reality condition S
ðnÞ
�l ¼ S

ðnÞ�
l is met by all state

variables. Note that the (choice of) direction of the
propagation remains arbitrary, yet modulation is allowed
to take place in an oblique direction, characterized by a
pitch angle �: Assuming the modulation direction to define
the x-axis, the wave-number vector k is taken to be
k ¼ ðkx; kyÞ ¼ ðk cos �; k sin �Þ: According to these consid-
erations, the derivative operators in the above equations
are treated as follows

@

@t
! @

@t
� "l @

@	
þ "2 @

@!
;

r ! r þ "x̂x @
@	
;

and

r2 ! r2 þ 2"
@ 2

@x@	
þ "2 @

2

@	2
;

i.e., explicitly

@

@t
A

ðnÞ
l eil�1 ¼ �il!AðnÞ

l � "l @A
ðnÞ
l

@	
þ "2 @A

ðnÞ
l

@!

 !
eil�1 ;

rAðnÞ
l eil�1 ¼ ilkA

ðnÞ
l þ "x̂x @A

ðnÞ
l

@	

 !
eil�1 ;

and

r2A
ðnÞ
l eil�1 ¼ �l 2k2A

ðnÞ
l þ 2"ilkx

@AðnÞ
l

@	
þ "2 @

2A
ðnÞ
l

@	2

 !
eil�1

for any A
ðnÞ
l of the components of S

ðnÞ
l :

3.2. Amplitude evolution equations

By substituting the above expressions into the system of
Equations (8) and isolating distinct orders in "; we obtain
the nth-order reduced equations

� il!nðnÞl þ ilk � uðnÞl � l
@nðn�1Þ

l

@	
þ @n

ðn�2Þ
l

@!
þ @u

ðn�1Þ
l;x

@	

þ
X1
n0¼1

X1
l 0¼�1

ilk � uðn�n0Þ
l�l 0 n

ðn0Þ
l 0 þ @

@	
n
ðn0Þ
l 0 u

ðn�n0�1Þ
ðl�l 0Þ;x

� �� �
¼ 0;

ð10Þ

� il!uðnÞl þ silk�ðnÞl � l
@uðn�1Þ

l

@	
þ @u

ðn�2Þ
l

@!
þ s

@�ðn�1Þ
l

@	
x̂x

þ
X1
n0¼1

X1
l 0¼�1

il 0k � uðn�n0Þ
l�l 0 u

ðn0Þ
l 0 þ u

ðn�n0�1Þ
ðl�l 0Þ;x

@uðn
0Þ

l 0

@	

" #

þ � ilp
ðnÞ
l kþ @p

ðn�1Þ
l

@	
x̂x

 !
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þ
X1
n0¼1

X1
l 0¼�1

n
ðn�n0Þ
ðl�l 0Þ

�
� il 0!uðn

0Þ
l 0 þ sil 0k�ðn

0Þ
l 0 � l

@uðn
0�1Þ

l 0

@	

þ @u
ðn0�2Þ
l 0

@!
þ s

@�ðn
0�1Þ

l 0

@	
x̂xþ

X1
n00¼1

X1
l 00¼�1

�
�
il 00k � uðn0�n00Þ

l 0�l 00 u
ðn00Þ
l 00 þ u

ðn0�n00�1Þ
ðl 0�l 00Þ;x

@uðn
00Þ

l 00

@	

��
¼ 0; ð11Þ

� il!pðnÞl þ il�k � uðnÞl � l
@pðn�1Þ

l

@	
þ @p

ðn�2Þ
l

@!
þ � @u

ðn�1Þ
l;x

@	

þ �
X1
n0¼1

X1
l 0¼�1

p
ðn�n0Þ
l�l 0 il 0k � uðn0Þl 0 þ @u

ðn0�1Þ
l 0;x

@	

 !

þ
X1
n0¼1

X1
l 0¼�1

il 0k � uðn�n0Þ
l�l 0 p

ðn0Þ
l 0 þ @u

ðn0�1Þ
l 0

@	
u
ðn�n0Þ
ðl�l 0Þ;x

 !
¼ 0; ð12Þ

and

� ðl 2k2 þ 1Þ�ðnÞl þ s�nðnÞl þ 2ilkx
@�ðn�1Þ

l

@	
þ @

2�ðn�2Þ
l

@	2

þ �
X1
n0¼1

X1
l 0¼�1

�ðn�n0Þ
l�l 0 �

ðn0Þ
l 0

� �0
X1

n0;n00¼1

X1
l 0;l 00¼�1

�ðn�n0�n00Þ
l�l 0�l 00 �ðn

0Þ
l 0 �

ðn00Þ
l 00 ¼ 0: ð13Þ

Notice the last three lines in Eq. (11), which are due to the
consideration of the pressure evolution equation (3) and
are absent, e.g., in Ref. [20]—cf. Eq. (33) therein. Even
though it is � which introduces coupling to (12) (which
becomes decoupled from the rest, that is, for � ¼ 0), should
one correctly consider the limit � ¼ 0 in Eqs. (8), one
should discard all four of the last lines in (11). For
convenience, one may consider instead of the vectorial
relation (11) the one obtained by taking its scalar product
with the wavenumber k. Finally, we see that Eqs. (32)–(34)
of Ref. [20] are readily recovered upon setting � ¼ 0,
s ¼ �1 and �0 ¼ 0 in the above relations.

3.3. First order in ": first harmonics and dispersion relation

The first order ðn ¼ 2Þ equations read

� il!nð1Þl þ ilk � uð1Þl ¼ 0; ð14Þ

� il!uð1Þl þ silk�ð1Þl þ il�pð1Þl k ¼ 0; ð15Þ

� il!pð1Þl þ il�k � uð1Þl ¼ 0; ð16Þ

and

�ðl 2k2 þ 1Þ�ð1Þl þ s�nð1Þl ¼ 0: ð17Þ
For l ¼ 1; these equations determine the first harmonics of
the perturbation. The following dispersion relation is
obtained

!2 ¼ �k2

k2 þ 1
þ ��k2: ð18Þ

Restoring dimensions, one may easily check that the
standard DAW dispersion relation [1,2] is thus exactly
recovered:

!2 ¼ !2
p;d

k2

k2 þ k2D
þ � kBTd

md
k2

� c2Dk
2

1þ k2l2Deff

þ �v2th;dk2: ð19Þ

The first harmonic amplitudes may now be expressed in
terms of the first order potential correction �ð1Þ1 ; we obtain
the relations

n
ð1Þ
1 ¼ s

1þ k2

�
�ð1Þ1 � c

ð11Þ
1 �ð1Þ1 ;

k � uð1Þ1 ¼ !nð1Þ1 ¼ s!
1þ k2

�
�ð1Þ1 � c

ð11Þ
2 �ð1Þ1 ;

p
ð1Þ
1 ¼ �nð1Þ1 ¼ �s

1þ k2

�
�ð1Þ1 � c

ð11Þ
3 �ð1Þ1 ;

u
ð1Þ
1;x ¼ !

k
cos �nð1Þ1 ¼ s

1þ k2

�

!

k
cos ��ð1Þ1 ¼ c

ð11Þ
5 �ð1Þ1 ;

u
ð1Þ
1;y ¼

!

k
sin �nð1Þ1 ¼ s

1þ k2

�

!

k
sin ��ð1Þ1 ; ð20Þ

retaining, for later use, the (obvious) definitions of the
coefficients c

ð11Þ
j ð j ¼ 1; . . . ; 5Þ relating the state variables to

the 1st-order potential correction �ð1Þ1 (so c
ð11Þ
4 ¼ 1).

3.4. Second order in ": group velocity, 0th and 2nd
harmonics

The second order ðn ¼ 2Þ equations for the first harmonics
provide the compatibility condition: l ¼ vgðkÞ ¼ @!=@kx ¼
!0ðkÞ cos � ¼ ðk=!Þ½1=ð1þ k2Þ2 þ ��	 cos �; the group velo-
city vg can be cast in the form

vgðkÞ ¼ !3

k3
�þ ��ð1þ k2Þ2
½�þ ��ð1þ k2Þ	2 cos � � !3

�k3

1 cos �; ð21Þ

where we have denoted


1 ¼ �
�þ ��ð1þ k2Þ2
½�þ ��ð1þ k2Þ	2 : ð22Þ

Note that 
1 ! 1 in the limit � ! 0; recovering exactly Eq.
(43) in Ref. [20].

The 2nd-order corrections to the first harmonic ampli-
tudes are now given by

n
ð2Þ
1 ¼ is

1

�
½ ~AAð1þ k2Þ � 2k cos �	 @�

ð1Þ
1

@	
� ic

ð21Þ
1

@�ð1Þ1

@	
;

k � uð2Þ1 ¼ !nð2Þ1 � s
1

�
ð1þ k2Þ vg � !

k
cos �

� � @�ð1Þ1

@	
� ic

ð21Þ
2

@�ð1Þ1

@	
;

p
ð2Þ
1 ¼ �nð2Þ1 � ic

ð21Þ
3

@�ð1Þ1

@	
;

�ð2Þ1 ¼ i ~AA
@�ð1Þ1

@	
;
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and

u
ð2Þ
1;x ¼ is

1

!
�1� 2

�

�
�k2 cos2 � þ vg

!

k
cos � � ��

� � 1þ k2

�

� �

� @�ð1Þ1

@	
� ic

ð21Þ
5

@�ð1Þ1

@	
: ð23Þ

The choice of the value of ~AA is arbitrary; we shall take
~AA ¼ 0:
The equations for n ¼ 2; l ¼ 2 provide the amplitudes of

the second order harmonics, which are found to be
proportional to the square of the corresponding S

ð1Þ
1

elements, e.g., in terms of �ð1Þ1

n
ð2Þ
2 ¼ 1

!
Aþ ð1þ k2Þ2

�2

� �
� c

ð22Þ
1 �ð1Þ1

2
;

k � uð2Þ2 ¼ ð1þ k2Þ!
6�3k2

½2s��2 þ 3�ð1þ k2Þð1þ 2k2Þ

þ 2�2�ð1þ k2Þ2ð1þ 4k2Þ	�ð1Þ1

2 � A�ð1Þ1

2¼ c
ð22Þ
2 �ð1Þ1

2
;

p
ð2Þ
2 ¼ �

1

!
Aþ � ð1þ k2Þ2

�2

� �
� c

ð22Þ
3 �ð1Þ1

2
;

and

�ð2Þ2 ¼ 1

4k2 þ 1
s�

1

!
Aþ ð1þ k2Þ2

�2

� �
þ �

� �
�ð1Þ

2

1

� c
ð22Þ
4 �ð1Þ

2

1 : ð24Þ

Notice that these expressions are isotropic, i.e., independent
of the value of �:
The nonlinear self-interaction of the carrier wave also

results in the creation of a zeroth harmonic, in this order;
its strength is analytically determined by taking into
account the l ¼ 0 component of the three first third-order
reduced equations (i.e., (10)–(12) for n ¼ 3; l ¼ 0) together
with the corresponding fourth 2nd-order equation (i.e.,
(13) for n ¼ 2; l ¼ 0). The result is conveniently expressed
in terms of the square modulus of the (n ¼ 1; l ¼ 1)
quantities, e.g., in terms of j�ð1Þ1 j2 ¼ ð�ð1Þ1 Þ��ð1Þ1

n
ð2Þ
0 ¼ �1

�þ �� � v2g

1

�

�
1þ 2s��þ k2 þ 2 cos2 �

þ �� ð1þ k2Þ2
�

ð� þ 2 cos2 � � 1Þ
�
j�ð1Þ1 j2

� Bj�ð1Þ1 j2 ¼ c
ð20Þ
1 j�ð1Þ1 j2;

k � uð2Þ0 ¼ �1

�þ �� � v2g

cos �

�2
2!ð�þ ��Þð1þ k2Þ2 cos �	

þ kvg½�ð1þ k2 þ 2s��Þ þ ��ð� � 1Þð1þ k2Þ2	

� c

ð20Þ
2 j�ð1Þ1 j2;

p
ð2Þ
0 ¼ � Bþ 1

�2
ð� � 1Þð1þ k2Þ2

� �
j�ð1Þ1 j2 � c

ð20Þ
3 j�ð1Þ1 j2;

�ð2Þ0 ¼ ðs�Bþ 2�Þj�ð1Þ1 j2 � c
ð20Þ
4 j�ð1Þ1 j2; ð25Þ

and

u
ð2Þ
0;x ¼ vgB� 2

!ð1þ k2Þ2
�2k

cos �

� �
j�ð1Þ1 j2 � c

ð20Þ
5 j�ð1Þ1 j2: ð26Þ

It is expected, and indeed verified by a tedious yet
straightforward calculation, that upon setting � ¼ 0,
s ¼ �1 in expressions (24) and (25), one recovers exactly
Eqs. (44)–(49) in Ref. [20] [given (42) therein].

Notice, for rigor, that for ‘‘vanishing obliqueness’’ i.e., if
�! 0, one obviously has k � uðnÞl ! ku

ðnÞ
l (by definition),

implying the condition: c
ðnlÞ
2 ! kc

ðnlÞ
5 (for �! 0) which is

indeed satisfied for all n, l, by the above formulae.

3.5. Derivation of the nonlinear Schrödinger equation

Proceeding to the third order in "ðn ¼ 3), the equation for
l ¼ 1 yields an explicit compatibility condition to be
imposed on the right-hand side of the evolution equations
which, given the expressions derived previously, can be cast
into the form

A1
d 

d!
þ iA2

d2 

d	2
þ iA3j j2 ¼ 0; ð27Þ

where  � �ð1Þ1 denotes the amplitude of the first-order
electric potential perturbation; coefficients A1;2;3 are to be
defined. Now, multiplying by iA�1

1 ; we obtain the familiar
form of the nonlinear Schrödinger equation

i
@ 

@!
þ P

@ 2 

@	2
þQj j2 ¼ 0: ð28Þ

Recall that the ‘‘slow’’ variables f	; !g were defined in (9).
The dispersion coefficient P ¼ �A2=A1 is related to the

curvature of the dispersion curve as P ¼ 1=2ð@ 2!=
@k2xÞ ¼ 1=2½!00ðkÞ cos2 � þ !0ðkÞðsin2 �=kÞ	; the exact form
of P reads

PðkÞ ¼ 1

�

1

2!

!

k

� �4

1 � 
1 þ 3


2
�
!2

� �
cos2 �

� �
; ð29Þ

where we have defined


2 ¼ �3
3�þ ��ð3� k2Þð1þ k2Þ

3½�þ ��ð1þ k2Þ	4 : ð30Þ

Note that, just like 
1 defined above, 
2 ! 1 when � ! 0;
see that relation (51) in Ref. [20] is recovered from (29) in
this case. If, furthermore, we set � ¼ 1 (in addition to
� ¼ 0) in all expressions describing our dispersion law, i.e.,
(18), (21), and (29) above, we obtain respectively (3), (4),
(11) in Ref. [17].

It seems appropriate, here, to point out the qualitative
difference between P given in (29) as compared to relevant
previous expressions: the existence of � may affect the sign
of the P coefficient. For instance, taking � ¼ 0 (i.e.,

1 ¼ 
2 ¼ 1), P is readily seen to be negative for parallel
modulation, i.e., setting � ¼ 0; however, for � 6¼ 0 this is no
longer the case, since P changes sign at some critical value
of k (to see this, study the sign of 
2 versus k [33]).
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Furthermore, a similar remark holds for the effect of an
oblique modulation on the sign of P; we will come back to
this subtle point in the next subsection.
The nonlinearity coefficient Q ¼ �A3=A1 is due to the

carrier wave self-interaction. Distinguishing different con-
tributions, Q can be split into five distinct parts, viz.

Q ¼ Q0 þQ1 þQ2 þQ3 þQ4; ð31Þ

reflecting the similar structure of A3

A3 ¼ A
ð0Þ
3 þ A

ð1Þ
3 þ A

ð2Þ
3 þ A

ð3Þ
3 þ A

ð4Þ
3 : ð32Þ

In order to trace the influence of the various parameters, let
us define all quantities in full detail. First, A

ð0Þ
3 (as well as

Q0 ¼ �A
ð0Þ
3 =A1) is related to the self-interaction due to the

zeroth harmonic, viz.

A
ð0Þ
3 ¼ ��k2ðcð11Þ1 c

ð20Þ
2 þ c

ð11Þ
2 c

ð20Þ
1 Þ � s!2�k2cð11Þ4 c

ð20Þ
4

� !ð1þ k2Þcð11Þ2 c
ð20Þ
2 ; ð33Þ

while A
ð2Þ
3 (related to Q2 ¼ �A

ð2Þ
3 =A1) is the analogue

quantity due to the second harmonic

A
ð2Þ
3 ¼ ��k2ðcð11Þ1 c

ð22Þ
2 þ c

ð11Þ
2 c

ð22Þ
1 Þ � s!2�k2cð11Þ4 c

ð22Þ
4

� !ð1þ k2Þcð11Þ2 c
ð22Þ
2 : ð34Þ

All coefficients c
ðnlÞ
j were defined previously. Now,

Q1 ¼ �A
ð1Þ
3 =A1 is simply the nonlinearity contribution

from the cubic term in (8d) (often omitted in the past)

A
ð1Þ
3 ¼ þ3s�0!ðcð11Þ4 Þ3k2; ð35Þ

Finally, A
ð3Þ
3 (related to Q3 ¼ �A

ð3Þ
3 =A1) is the (�-related)

result of the third line in (11)

A
ð3Þ
3 ¼ ��k2ð1þ k2Þ½�cð11Þ2 ðcð20Þ3 � c

ð22Þ
3 Þ

þ 2�cð11Þ3 c
ð22Þ
2 þ c

ð11Þ
3 ðcð20Þ2 � c

ð22Þ
2 Þ þ 2c

ð11Þ
2 c

ð22Þ
3 	; ð36Þ

while A
ð4Þ
3 (and Q4 ¼ �A

ð4Þ
3 =A1) is due to the last two lines

in (11)

A
ð4Þ
3 ¼ �!ð1þ k2Þ

� ½ð!cð11Þ2 � sk2c
ð11Þ
4 Þðcð22Þ1 � c

ð20Þ
1 Þ

� 2c
ð11Þ
1 ð!cð22Þ2 � sk2c

ð22Þ
4 Þ þ ðcð11Þ2 Þ2cð11Þ1 	: ð37Þ

We note that A1 is everywhere defined as

A1 ¼ �s
2

�
ð1þ k2Þ2!2; ð38Þ

i.e., by using (18)

A�1
1 ¼ �s

1

2�

1

!2

!2

k2
� ��

� �2

ð39Þ

(reducing to: A�1
1 ¼ �sð1=2�Þð!2=k4Þ for � ¼ 0). Remem-

ber that Q3 and Q4 are plainly absent from the previous
results in Ref. [20] (i.e., for � ¼ 0) and so is, in fact, Q1:

Substituting from the expressions derived above for the

coefficients c
ðnlÞ
j and re-arranging, we obtain

Q0 ¼þ 1

2!

1

�2
1

ð1þ k2Þ2
1

�þ �� � v2g

� f�k2½�½3þ 6k2þ 4k4þ k6 þ 2��ðsð2k2 þ 3Þ þ 2�v2gÞ	

þ �� ½ð� þ 1Þð1þ k2Þ3 þ 2��ð�2��þ s�ð1þ k2Þ2Þ	

þ ½�ð2þ 4k2 þ 3k4 þ k6 þ 2s��Þ

þ 2��ð1þ k2Þ2ð1þ k2 þ s��Þ	 cos 2�	

þ 2ð1þ k2Þ4ð�þ ��Þ!2 cos2 �

þ kð1þ k2Þ½�k2 þ !2ð1þ k2Þ	 vg
!

� ½�ð1þ k2 þ 2s��Þ þ �ð� � 1Þ�ð1þ k2Þ2	 cos �
; ð40Þ
Q1 ¼ 3�0�

2!

k2

ð1þ k2Þ2 ; ð41Þ

Q2 ¼� 1

12�3
1

!

1

k2ð1þ k2Þ2

� f2�k2½5s��2ð1þ k2Þ2 þ 2�2�3 þ 2�2�ð1þ k2Þ4

� ð1þ 4k2Þ þ �ð1þ k2Þ3ð3þ 9k2 þ 2s��2�Þ	

þ ð1þ k2Þ3!2½�ð3þ 9k2 þ 6k4 þ 2s��Þ

þ 2�2�ð1þ k2Þ2ð1þ 4k2Þ	g: ð42Þ

Finally, the coefficients Q3 ¼ �A
ð3Þ
3 =A1 and Q4 ¼ �A

ð4Þ
3 =A1

can be directly computed from (36)–(38) above; the lengthy
final expressions are omitted here.

Once substituted in (31), these expressions provide the

final expression for the nonlinearity coefficient Q: One may

readily check, yet after a tedious calculation, that expres-

sions (40) and (42) reduce to (53) and (54) in Ref. [20] for

� ¼ 0: However, the remaining coefficients Q1;Q3;Q4 were

absent in all previous studies of the DA waves, to the best

of our knowledge. Their importance will be discussed in the

following. Note that Q1;Q2 do not depend on the angle �:

3.6. Behaviour of coefficients for small k

A preliminary result regarding the behaviour (and the sign)

of the NLSE coefficients P and Q; at least for long

wavelengths, may be obtained by considering the limit of

small k � 1 in the above formulae.
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The parallel (� ¼ 0) and oblique (� 6¼ 0) modulation
cases have to be distinguished straightaway. For small
values of kðk � 1Þ;P is negative and varies as

Pj�¼0 � � 3

2

�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ ��p k ð43Þ

in the parallel modulation case (i.e., � ¼ 0), thus tending to
zero for vanishing k; while for � 6¼ 0;P is positive and goes
to infinity as

Pj� 6¼0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ ��p
2k

sin2 � ð44Þ

for vanishing k: Therefore, the slightest deviation by � of
the amplitude variation direction with respect to the wave
propagation direction results in a change in sign of the
dispersion coefficient P: Given the importance of the
coefficient product PQ (to be discussed in the next Section),
one may wonder whether this is sufficient for the stability
characteristics of the DA wave to change. Let us see what
happens with the Q in the limit of small k:
For all cases, Q varies as 
1=k for small k � 1 [34]; the

exact expression in fact depends on the angle �: In the
general case (� 6¼ 0), the result reads

Qj� 6¼0 � � 1

12�3
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�þ ��p ½�ð2s��þ 3Þ þ 2�2�	

� ½�ð2s��þ 3Þ þ �ð� þ 1Þ�	 1
k
: ð45Þ

A careful study shows that Q is negative, in fact, for all
possible values of the physical parameters of interest (i.e.,
�; �; �; �—all positive—and s� 1). For vanishing �;
however, the approximate expression for Q; yet apparently
quite similar, is now positive, i.e.

Qj�¼0 � þ 1

12�3
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�þ ��p ½�ð2s��þ 3Þ þ 2��	½�ð2s��þ 3Þ

þ �ð� þ 1Þ�	 1
k
: ð46Þ

In conclusion, both coefficients P and Q change sign when
‘‘switching on’’ theta. Indeed, obliqueness in modulation
is expected to influence the stability profile of the system;
this point seems to confirm (and complete) the general
qualitative arguments put forward in Ref. [17] for the ion
acoustic wave in an electron ion plasma without dust.
Nevertheless, at all cases, the product of P and Q is
negative for small k; ensuring, as we shall see in the
following section, stability for long perturbation wave-
lengths. As a by-product of this analysis, we see that
taking into account Q1;Q3 and Q4 does not seem to
influence the dynamics in the low wavenumber k
parameter range.

4. Stability analysis

The standard stability analysis [8,34] consists in linearizing
around the monochromatic (Stokes’s wave) solution of the

NLSE (28)

 ¼  ̂ eiQj ̂ j2! þ c:c:;

(notice the amplitude dependence of the frequency) by
setting

 ̂ ¼  ̂ 0 þ " ̂ 1;

and taking the perturbation  ̂ 1 to be of the form:
 ̂ 1 ¼  ̂ 1;0 eiðk̂k	�!̂!!Þ þ c:c:; (the perturbation wavenumber k̂k
and the frequency !̂! should be distinguished from their
carrier wave homologue quantities, denoted by k and !).
Now, substituting into (28), one readily obtains the
nonlinear dispersion relation

!̂!2 ¼ P2k̂k2 k̂k2 � 2
Q

P
j 1;0j2

� �
: ð47Þ

One immediately sees that the wave will be stable for all
values of k̂k if the product PQ is negative. However, for
positive PQ > 0; instability sets in for wavenumbers below
a critical value k̂kcr ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2Q=P

p j ̂ 1;0j; i.e., for wavelengths
above a threshold: lcr ¼ 2�=k̂kcr; defining the instability
growth rate � ¼ jIm !̂!ðk̂kÞj; we see that it reaches its
maximum value for k̂k ¼ k̂kcr=

ffiffiffi
2

p
; viz.

�max ¼ jIm !̂!j
k̂k¼k̂kcr=

ffiffi
2

p ¼ jQjj ̂ 1;0j2: ð48Þ

In brief, we see that the instability condition depends only
on the sign of the product PQ; which can now be studied
numerically, relying on the exact expressions derived in the
preceding Section.

In the contour plots presented below (see Figs. 1, 2 and
5), we have depicted the PQ ¼ 0 boundary curve against
the normalized wavenumber k=kD (in abscissa) and angle �
(between 0 and �); the area in black (white) represents the
region in the ðk� �Þ plane where the product is negative
(positive); instability therefore occurs for values inside the
white area. We have considered values of the wavenumber
k between zero and upto 4 times the Debye wavenumber kD
(yet mostly focusing our attention on the low k region).
Pitch angle � is allowed to vary between zero and �=2; as a
matter of fact, all plots are �=2-periodic, i.e., symmetric
upon reflection with respect to either the � ¼ 0 or the
� ¼ �=2 lines. We have chosen a fixed set of representative
values: � ¼ 5 � 10�3; �0 ¼ 2�2=3 � 1:6 � 10�5 and � � 100;
corresponding to Zd=Zi ¼ 103 and Te=Ti ¼ 10 (we have
taken � ¼ 2; � ¼ 1 for the plots).

For negative dust (s ¼ �1; see Fig. 1) the product
possesses positive values for angle values between zero and
� � 51�; we see that instability sets in above a wavenum-
ber threshold which is clearly seen to decrease as the
modulation pitch angle � increases from zero to approxi-
mately 17�, and then increases again up to � � 51�:
Nevertheless, beyond that value (and up to �=2) the wave
remains stable; this is even true for the wavenumber
regions where the wave would be unstable to a parallel
modulation: see e.g., the interval where � ¼ 0 and
k=kD 2 ½1:0; 3:6	 approximately, in Fig. 1. The inverse
effect is also present: even though certain k values
correspond to stability for � ¼ 0; the same modes may
become unstable when subject to an oblique modulation
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(� 6¼ 0); this is mostly true for long wavelengths (small k).

Notice the periodicity with respect to �:
A similar behaviour is witnessed in the case of positive

dust (s ¼ þ1; see Fig. 2), yet the instability threshold kcr
for a given value of � is quite higher: positive dust rather

appears to favour stability.
In all cases, the wave appears to be globally stable for

large angle � modulation (between 0.9 and �=2 radians, i.e.,

51� to 90�) and unstable for smaller values of �: For

parallel modulation (� ¼ 0), the sign of the product PQ is

basically opposite to that of Q; since P < 0 for all values of

k; the wave is then stable for large wavelengths l � lD
(i.e., for k=kD � 1), and potentially unstable for higher

values of k (a similar qualitative behaviour has been

reported for the ion–acoustic wave case (i.e., without dust)

[11–15].
A final word is in row, concerning the effect of taking

into account the pressure evolution equation (3), often

omitted for simplicity. Given the above results, this

amounts to wondering what the difference would be,

should we simply set � ¼ 0 in expression (29) for P and

thus plainly omit Q3 and Q4; defined above. A qualitative

answer is attempted in Fig. 5, where we have depicted the

PQ product in this case. The qualitative results obtained so

far do not seem to be strongly modified, at least not for low

values of k (say, below k � 2kD) and definitely not as far as

the angle dependence of stability is concerned. The
difference in stability regions obtained for higher k is
rather negligible for long wavelengths (say, below
k � 1:5kD). Nevertheless, including the pressure equation
in the description seems to describe the problem in a more
precise manner, and also somewhat restricts the instability
region, since stability is now predicted for short wave-
lengths (above, say, k � 3:6kD) and low �; compare Figs.
1(a) and 2(a) to 5(a) and 6(a), respectively.

5. Nonlinear excitations

Let us discuss the possibility of the existence of localized
excitations in our system. The NLSE (28) is known to
possess distinct types of localized constant profile (solitary
wave) solutions, depending on the sign of the product PQ:
We shall now briefly outline the method employed to
derive their form and discuss their relevance to our
problem.

Following Ref. [35,36], we may seek a solution of Eq.
(28) in the form

 ð	; !Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð	; !Þ

p
ei�ð	;!Þ; ð49Þ

where �; � are real variables which are determined by
substituting into the NLSE and separating real and
imaginary parts. The different types of solution thus

Fig. 1. (a) The coefficient product PQ ¼ 0 curve is represented against

normalized wavenumber k=kD (in abscissa) and angle � (between 0 and �);

the area in black (white) represents the region in the ðk� �Þ plane where

the product is negative (positive); instability therefore occurs for values

inside the white area. This plot refers to negative dust charge (s ¼ �1).

(b) A close-up plot near the origin.

Fig. 2. Same as in Fig. 1, for positive dust charge (s ¼ þ1). Notice that the

stability region close to the origin gets narrower. Positive dust charge

seems to favour stability.
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obtained are clearly summarized in the following para-
graphs.

5.1. Bright solitons

For PQ > 0 we find the (bright) envelope soliton [37]

� ¼ �0 sech2
	 � u!
L

� �
;

� ¼ 1

2P
u	 � �þ 1

2
u2

� �
!

� �
;

ð50Þ

representing a localized pulse travelling at a speed u and
oscillating at a frequency � (for u ¼ 0). The pulse width L
depends on the (constant) maximum amplitude square �0
as

L ¼
ffiffiffiffiffiffiffiffiffi
2P

Q�0

s
: ð51Þ

5.2. Dark solitons

For PQ < 0 we have the dark envelope soliton (hole) [37]

� ¼ �1 1� sech2
	 � u!
L0

� �� �
¼ �1 tanh

2 	 � u!
L0

� �
;

� ¼ 1

2P
u	 � 1

2
u2 � 2PQ�1

� �
!

� �
; ð52Þ

representing a localized region of negative wave density
(shock) travelling at a speed u: Again, the pulse width
depends on the maximum amplitude square �1 via

L0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

P

Q�1

����
����

s
: ð53Þ

5.3. Grey solitons

It has been shown in Ref. [36] that looking for velocity-
dependent amplitude solutions, for PQ < 0; one obtains
the grey envelope solitary wave

� ¼ �2 1� a2 sech2
	 � u!
L00

� �� �
;

� ¼ 1

2P
V0	 � 1

2
V2

0 � 2PQ�2

� �
! þ�10

� �

� S sin�1 a tanhð	 � u!=L00Þ
½1� a2 sech2ð	 � u!=L00Þ	1=2 ; ð54Þ

which also represents a localized region of negative wave
density; �10 is a constant phase; S denotes the product
S ¼ signP� signðu� V0Þ: In comparison to the dark
soliton (52), note that apart from the maximum amplitude
�2; which is now finite (i.e., non-zero) everywhere, the pulse
width of this grey-type excitation

L00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

P

Q�2

����
����

s
1

a
ð55Þ

Fig. 3. (a) The curves for constant values (contours) of the dispersion

coefficient P are represented against normalized wavenumber k=kD (in

abscissa) and angle � (between 0 and �=2); In ascending order (from

bottom to top), the curves correspond to P ¼ �0:4;�0:3; . . . ; 0:3; 0:4;
P clearly increases with �; for a given wavenumber k: The parameters used

for this plot are as defined in Fig. 1. (b) A similar contour plot for the

nonlinearity coefficient Q: In descending order (from top to bottom), the

curves correspond to Q ¼ �0:003, �0:0025, �0:002, �0:002, 0, 0:001,

0:002;Q decreases with increasing �; in this region. Remember that (the

part of) these curves falling inside the instability region (white sector in Fig.

1) is related to the instability growth rate � via (48). Values of �=j ̂ 1;0j2
above a certain value are to be excluded, since they would fall inside the

stability (black) region: this element is absent in Fig. 1. This plot refers to

negative dust charge (s ¼ �1). (c) The analogous contour plot (same values

as in (b)) for the nonlinearity coefficient Q in the positive dust charge

(s ¼ þ1) case; Q takes higher values here (cf. (b)), for given ðk; �Þ; leading
to a more extended stability region for large wavelengths (k � kD).
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now also depends on a; given by

a2 ¼ 1þ 1

2PQ

1

�2
u2 � V2

0

 �  1 ð56Þ
(PQ < 0), an independent parameter representing the
modulation depth (0 < a  1). V0 is an independent real
constant which satisfies the condition [36]

V0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jPQj�2

p
 u  V0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jPQj�2

p
;

for V0 ¼ u; we have a ¼ 1 and thus recover the dark soliton
presented in the previous paragraph.
Summarizing, we see that the regions depicted in Figs. 1,

2, 5, 6 actually distinguish the regions where different types
of localized solutions may exist: bright (dark or grey)
solitons will occur in white (black) regions (the different
types of NLS excitations are exhaustively reviewed in Ref.
[36]). Furthermore, soliton characteristics will depend on
the dispersion laws via the P and Q coefficients; for
instance, regions with higher values of P (or lower values of
Q)—see Figs. 3 and 4—will support wider (spatially more
extended) localized excitations.

6. Conclusions

This work has been devoted to the study of the conditions
for occurrence of the modulational instability of the dust–
acoustic waves propagating in an unmagnetized dusty
plasma. Considering the Poisson–moment equations for
the dust and allowing for modulation to occur in an
oblique manner, we have shown that the DA wave
modulational instability depends strongly on the angle
between the propagation and modulation directions. As a
matter of fact, the region of parameter values where
instability occurs is rather extended for angle � values up to

a certain threshold, and, on the contrary, smeared out for
higher � values (and up to 90�, then going on in a �=2–
periodic fashion).

Furthermore, we have studied the possibility of the
formation of localized structures (solitary waves) in the
system. Distinct types of localized excitations (envelope
solitons) have been shown to exist. Their type and
propagation characteristics depend on the carrier wave
wavenumber k and the modulation angle �:

Summarizing our results, we have seen that

(i) obliqueness in the amplitude modulation direction has
a strong influence on the conditions for the modula-
tional instability to occur: regions which are stable to a
parallel modulation may become unstable when
subject to an oblique modulation, and vice versa;

(ii) large-angle modulation seems to have a stabilizing
effect; on the contrary, small-to-medium angle (say
below 50�) modulation enhances instability;

(iii) DAW-related localized excitations may appear and
propagate in a dusty plasma; modulationally stable
(unstable) ðk; �Þ regions support envelope solitary
waves of the bright (dark) type;

(iv) the type and characteristics of the latter (localized
modes) depend on the value of � : for given low k; dark
solitons (or holes) are wider as � becomes higher (see
Fig. 4); for higher k; bright (dark) solitons become
narrower (wider) as � increases; finally, for given �

Fig. 4. Contours of the ratio P=Q (whose absolute value is related to the

soliton width; see (51), (53)) are represented against normalized

wavenumber k=kD (in abscissa) and angle � (between 0 and �=2); In

descending order, starting from above, the curves correspond to

P=Q ¼ �20;�10;�5;�1; 0; 1; 5; 10; 20; the value of P=Q decreases with

�; for a given wavenumber k above kD; so higher � seems to favour

narrower (wider) bright- (dark-) type excitations. The same qualitative

behaviour was obtained for positive dust charge, i.e., s ¼ þ1 (not

depicted, for the difference was unimportant).

Fig. 5. The product PQ; as in Fig. 1(a), as results from the pressure

equation (3) being omitted. Comparing to Fig. 1, notice that there is

practically no qualitative difference for low k and for high �; however,

predicted behaviour changes above, say, k � 1:5 kD: This plot refers to

negative dust charge (s ¼ �1).
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values below (above) a threshold of, say, 51�, bright
(dark) excitations will be narrower (wider) for higher k
(see Fig. 4);

(v) comparing the positive (s ¼ þ1) to negative (s ¼ �1)
dust cases, we have shown that positive dust enhances
stability and rather favours dark-type excitations (hole
solitons); furthermore, low k dark envelope solitons
appear to be narrower with positive dust; for higher k
there is practically no qualitative difference between
the two dust charge sign cases;

(vi) As a final comment, let us point out that taking the
dust pressure equation (3) into account, we have
obtained a wider stability region for small � values, yet
only for high wavenumbers. The existence of dark-
type localized envelopes of high k modes subject to
slightly oblique (low �) modulation is thus predicted;
cf. Figs. 1(a) and 2(a) to 5(a) and 6(a), respectively.
However, for wavenumbers below, say, k ¼ kD; there
is no qualitative difference due to the consideration of
(3).

Our aim has been to put forward a model study of the
DAW modulation which is generic, i.e., incorporating
several previous descriptions, which may be recovered for
different choices of the physical parameters involved in the
formulation. Dust charge was assumed to be constant and
the plasma geometry was taken to be Cartesian and
infinite, for simplicity. Thus, our work complements the
investigation by Tang and Xue [38] who examined only the

modulational instability of DAWs against oblique mod-
ulations, including an ad hoc charging equation and a
specific form of the adiabatic law for warm charged dust
grains which are negatively charged. The present paper, on
the other hand, discusses the multi-dimensional modula-
tional instabilities of dust acoustic waves in plasmas
containing both negatively and positively charged dust
grains, as well as provides a detailed discussion of various
types of dust acoustic envelope solitons and their respective
parameter regions of existence, leaving the choice of the
value of the parameter � ¼ cp=cV free in the algebra.

Acknowledgments

This work was supported by the European Commission (Brussels) through the

Human Potential Research and Training Network for carrying out the task of

the project entitled: ‘‘Complex Plasmas: The Science of Laboratory Colloidal

Plasmas and Mesospheric Charged Aerosols’’ through the Contract No.

HPRN-CT-2000-00140.

References

1. Shukla, P. K. and Mamun, A. A., ‘‘Introduction to Dusty Plasma

Physics,’’ (Institute of Physics Publishing Ltd., Bristol, 2002).

2. Rao, N. N., Shukla, P. K. and Yu, M. Y., Planet. Space Sci. 38, 543

(1990).

3. Shukla, P. K. and Silin, V. P., Physica Scripta 45, 508 (1992).

4. Barkan, A., Merlino, R. and D’Angelo, N., Phys. Plasmas 2 (10), 3563

(1995).

5. Pieper, J. and Goree, J., Phys. Rev. Lett. 77, 3137 (1996).

6. Taniuti, T. and Yajima, N., J. Math. Phys. 10, 1369 (1969).

7. Asano, N., Taniuti, T. and Yajima, N., J. Math. Phys. 10, 2020

(1969).

8. Remoissenet, M., ‘‘Waves Called Solitons,’’ (Springer-Verlag, Berlin,

1994).

9. Sulem, P. and Sulem, C., ‘‘Nonlinear Schrödinger Equation,’’

(Springer-Verlag, Berlin, 1999).

10. Hasegawa, A., ‘‘Optical Solitons in Fibers,’’ (Springer-Verlag, 1989).

11. Kakutani, T. and Sugimoto, N., Phys. Fluids 17, 1617 (1974).

12. Chan, V. and Seshadri, S., Phys. Fluids 18, 1294 (1975).

13. Shimizu, K. and Ichikawa, H., J. Phys. Soc. Japan 33, 789 (1972).

14. Kako, M., Prog. Thor. Phys. Suppl. 55, 1974 (1974).

15. Durrani, I. et al., Phys. Fluids 22, 791 (1979).

16. Xue, J.-K., Duan, W.-S. and He, L., Chin. Phys. 11, 1184 (2002).

17. Kako, M. and Hasegawa, A., Phys. Fluids 19, 1967 (1976).

18. Chhabra, R. and Sharma, S., Phys. Fluids 29, 128 (1986).

19. Mishra, M., Chhabra, R. and Sharma, S., Phys. Plasmas 1, 70 (1994).

20. Amin, M. R., Morfill, G. E. and Shukla, P. K., Phys. Rev. E 58, 6517

(1998).
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