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Abstract

A comprehensive study of the Debye–Hückel repulsive and ion wakefield induced attractive potentials around a d
is presented, including ion flow. It is found that the modified interaction potential (especially the attractive wakefield
can cause instability of linear dust oscillations propagating in a dusty plasma crystal composed of dust grains in a h
arrangement suspended in the sheath region near a conducting wall (electrode). The dependence of dust lattice mo
ion flow is studied, revealing instability of dust lattice modes for certain values of the ion flow speed.
 2003 Elsevier B.V. All rights reserved.
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About a decade ago, several groups [1–4]
served the formation of dusty plasma crystals
low-temperature laboratory discharges. Dusty plas
(DP) crystals/quasi-lattices are typically formed in t
vicinity of a conducting wall (electrode) in gas di
charge experiments, and they are suspended at a le
tion height where the sheath electric and gravity for
balance. Physically, the dust grain crystallization
curs owing to some attractive forces [5] which do
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inate over the Debye–Hückel repulsive force. Nam
et al. [6] were the first to introduce a novel attract
force between two equal sign dust grains due to
wakefield and ion focusing involving dust ion-acous
and dust acoustic waves in dusty plasmas without
with ion flow [7–9]. The wakefield idea has been e
perimentally verified in a vertical chain in which
lower dust particle is attracted towards the upper p
ticle in a plasma with ion flow [10–12]. A recent th
oretical study [13] reexamines the modification of t
Debye–Hückel repulsive and wakefield attractive
tentials in an unmagnetized dusty plasma includ
ion flow in the sheath region.

The oscillations of dust particles in dusty plasm
crystals admit longitudinal [14–17] and transve
[16–19] dust lattice waves. In the latter, the rest
.
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ing force is associated with the Debye–Hückel rep
sive interaction between two neighboring dust gra
while the dust mass provides the inertia to maintain
dust lattice oscillations. Both longitudinal and tran
verse dust lattice oscillations have been observed
perimentally [20–22].

In this Letter, we present a comprehensive inve
gation of intergrain potential energy in the presence
ion flow in plasmas. Specifically, we exploit the resu
of Ref. [13] to provide detailed information regardin
the role of ion flow on short range Debye–Hückel a
long range attractive potentials around dust grains
are levitated at the same height above a negative e
trode. It is shown that both short and long range po
tials are modified by the ion flow. We then carry ou
study of the stability of dust oscillations in a horizo
tal arrangement of a dust chain, including the repuls
and attractive forces. It is found that dust lattice mo
may become unstable due to ion flow towards the e
trode.

Let us consider dust lattice oscillations in a plas
whose constituents are electrons, streaming ions,
an ensemble of negatively charged dust grains.
longitudinal motion of charged dust grains (the ma
M and chargeQ, both assumed constant for simpli
ity) in a DP crystal (lattice constantr0) obeys an equa
tion of the form

(1)

M

(
d2xn

dt2
+ ν

dxn

dt

)
= −

∑
n

Unm(rnm)

∂r
≡QE(xn),

whereUnm(rnm) ≡Qφ(x) is a binary interaction po
tential function related to the electrostatic poten
φ(x) around themth grain, andE(x) = −∂φ(x)/∂x
is the electric field,rnm = xn − xm is the distance be
tween thenth andmth grains. Finally,ν denotes the
damping rate due to dust–grain collisions with ne
trals. A one-dimensional (1d) DP layer is conside
here, but the generalization to a two-dimensional (
grid is straightforward. Retaining only first neighb
interactions and considering small (linear) longitu
nal displacementsδxn = xn − x

(0)
n around the equilib-

rium positionx(0)n of thenth grain, one obtains

(2)
d2δxn

dt2
+ ν

δxn

dt
= ω2

0,L(δxn−1 + δxn+1 − 2δxn).
-

The longitudinal dust lattice (LDL) oscillation ‘eigen
frequency’ω0,L is given by

(3)ω2
0,L = Q

M

∂2φ(r)

∂r2

∣∣∣∣
r=r0

.

For instance,φ(r) is often assumed to be the Deby
Hückel potential

(4)φ(D)(r)= Q

r
exp(−kDr),

where kD = λ−1
D and λD is the Debye radius. In

dusty plasma, a dust grain is typically shielded
ions when electrons and ions are in thermodynam
equilibrium. However, in a plasma with flowing ion
the Debye shielding is due to electrons, and he
λD = λDe. The frequencyω0,L of the dust longitudina
mode then turns out to be [5,14–16]

ω
(D)
0,L

2 = 2Q2

Mr3
0

(
1+ r0

λD
+ r2

0

2λ2
D

)
exp(−kDr0).

Assuming displacements of the formδxn = δx
(0)
n ×

exp[i(nkr0 − ωt)], the longitudinal dust lattice wav
(LDLW) equation (2) yields the linear dispersio
relation

(5)ω(ω+ iν)= 4ω2
0,L sin2

(
kr0

2

)
,

which reduces to

(6)ω(ω+ iν)≈ ω2
0,Lr

2
0k

2 ≡ c2
Lk

2

in the continuum (long-wavelength) limit, i.e., fo
λ
 r0. We see that the stability of the LDLW i
ensured only if the right-hand side is positive, i.e.
(and only if)ω0,L is real (viz.ω2

0,L > 0); otherwise,
the slightest displacement from equilibrium may res
in an unstable mode. Therefore, stability basica
depends on the interaction potentialφ(r) viaω0,L; see
Eq. (3) above.

For comparison, thetransverse (‖z) displacemen
(assumed to be decoupled from the longitudinal o
of dust grains (assumed at fixed sites atxn = nr0) in
the same DP lattice obeys the equation

M

(
d2zn

dt2
+ ν

dzn

dt

)
= −

∑
n

Unm(rnm)

∂r

∣∣∣∣
r=r0

(7)+ Fel −Mg,
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4)
where the electric forceFel(z) is related to the (ex
ternally imposed) sheath potential. Once again,
considering small (linear) longitudinal displaceme
δzn = zn − z0 around the (equilibrium) levitation
heightz0 (whereFel|z0 −Mg = 0), and keeping firs
neighbor interactions only, one obtains the transve
dust lattice wave (TDLW) equation [5]

(8)

d2δzn

dt2
= ω2

0,T(2δzn − δzn−1 − δzn+1)+Fel −Mg,

where ω0,T is the transverse oscillation eigenfr
quency determined from

(9)ω2
0,T = − Q

Mr0

∂φ(r)

∂r

∣∣∣∣
r=r0

,

which is equal, for instance, to

ω
(D)
0,T

2 = Q2

Mr3
0

(
1+ r0

λD

)
exp(−kDr0)

in the Debye–Hückel case. The TDLW optic-mod
like dispersion relation reads

(10)ω(ω+ iν)= ω2
g − 4ω2

0,T sin2
(
kr0

2

)
,

where the gap frequencyωg is related toFel. For
kr0  1, we have

(11)ω(ω+ iν)≈ ω2
g −ω2

0,Tr
2
0k

2 ≡ ω2
g − c2

Tk
2.

As in the LDLW case above, the stability profi
depends on the interaction potential viaω0,T; see
Eq. (9). In particular, stability is ensured (∀k) only if
ω2

0,T/ω
2
g < 1/4.

In a more sophisticated description, one sho
take into account the wake potential generated by
flow towards the electrode [7,13]. It has been rece
shown from first physical principles [13] that th
electrostatic interaction potentialφ(r) = QkDW(r)

around a charged dust grain in the vicinity of
conducting wall penetrated by in-flowing ions m
strongly deviate from the simple Debye–Hückel p
ture. Employing an appropriate integral transform f
malism (with respect to thez-coordinate), i.e., defining
the Green function

(12)Gk⊥(z0)=
∫
dr⊥W(r⊥; z0)exp(−ik⊥r⊥),
elaborating its analytic form and then inverting ba
to real space, viz.

(13)

W(r⊥; z0)= 1

(2π)δ

∫
dδk⊥Gk⊥(z0)exp(ik⊥r⊥),

(δ = 1,2)2 the (normalized) potentialW(r; z0) ex-
pressing the interaction between horizontally (⊥z)
arranged dust grains (chargeQ, massM), situated
at a distancer ≡ ρλD, levitated at the same heig
z = z0 ≡ aλD above a negative conducting wall (l
cated atz = 0) and exposed to ion flow at velocityu,
was found in Ref. [13] to be

(14)W(ρ)= 2

∞∫
0

dq⊥ q⊥J0(q⊥ρ)g(k),

whereg(k)= (kD/4π)Gk⊥(z0) is the (dimensionless
function, given by

(15)g(k)= e−κa

κ2 + q2

[
κ sinh(κa)+ q sin(qa)

]

andJ0(x) is a Bessel function of the first kind.3 The
quantitiesq andκ , related to the poles of the dielectr
function, are defined as

q2 = 1

2

[√(
q2⊥ + 1−M−2

)2 + 4M−2q2⊥

− q2⊥ +M−2 − 1
]
,

(16)

κ2 = 1

2

[√(
q2⊥ + 1−M−2

)2 + 4M−2q2⊥

+ q2⊥ −M−2 + 1
]
,

whereM (= ukD/ωi) is the Mach number andωi is
the ion plasma frequency. The intergrain distancer,
levitation height z0 and wavenumberk enter the
preceding formulae through the re-scaled variab
ρ = r/λD, a = z0/λD and q⊥ = kλD, respectively.
Notice, however, that the latter is integrated out
(14), so thatW =W(r; z0)=W(ρ;a).

Note that the first term in the right-hand si
of (15) is related to the Debye–Hückel potent

2 δ = 1 (2) for a one- (two-)dimensional lattice. Expression (1
has been derived forδ = 2; for δ = 1, set

∫ ∞
0 dq⊥ q⊥J0(q⊥ρ) →

1
2π

∫ ∞
−∞ dq⊥ cos(q⊥ρ).

3 See footnote 2.
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Fig. 1. The normalized interaction potentialW is depicted agains
the (normalized) intergrain distancekDr , for a = 2.7. (a) Subsonic
ion flow (M < 1). (b) Supersonic ion flow (M > 1).

(distorted by the ion flow), while the second ter
accounts for the wake potential generated downstr
by grains. Indeed, considering the limit of vanishi
ion velocity (ui → 0)4 and infinite electrode-to-grai
distance (a → ∞), the well-known Fourier transform
of the Debye potential is recovered, i.e.,g(k) →
1/(1+ q2⊥)1/2 ≡ kD/(k

2
D + k2)1/2.

4 Canceling the ion flow consists in omitting its contributio
to the dielectric functionε(k), i.e., the second term in the righ
hand side of expression (2) in Ref. [13], thus switching off
ions (but still keeping the distinction between thez-direction and
thex–y plane, introduced therein). The zeroes ofε(k) then become
k → ±ikD, and the poles in thekz-integration—follow the passing
from (3) to (5) in Ref. [13]—are expressed ask‖ → 0 andk‖ →
±i(k2

D + k2⊥)1/2, i.e., q → 0 andκ → ±(1 + q2⊥)1/2. Technically
(and rather against intuition) this amounts to considering the l
M−1 → 0 in (16) and related formulae in the text.
(a)

(b)

Fig. 2. The interaction potentialW is depicted against the (norma
ized) intergrain distanceρ = kDr and the Mach numberM , for
a = 2.7. (a) Subsonic ion flow (0<M < 1). (b) Supersonic ion flow
(1<M < 10). We see that the character (attractive/repulsive) of
potentialw at a given distanceρ = kDr may depend on the subson
ion flow.

A preliminary analysis of the preceding formul
(14)–(16) in the asymptotic (long range, i.e., f
ρ → ∞) limit was carried out in Ref. [13] where th
dependence of the interaction potential onM and a
was discussed; relying on a simple two-dimensio
dust gas (grid) model, it was qualitatively shown th
dust grain oscillations subject to a subsonic ion fl
may become unstable for certain (combined) value
M anda. It was shown therein that the frequencyω of
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(a)
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Fig. 3. The interaction potentialW is depicted against the (norma
ized) levitation heighta (1< a < 5 here) and the Mach numberM ,
for an intergrain distance value ofρ = kDr = 1. (a) Subsonic ion
flow (0<M < 1). (b) Supersonic ion flow (1<M < 10). The char-
acter (attractive/repulsive) of the potentialw at a given height may
depend on the (subsonic) ion velocity, and vice versa.

oscillations in the grid is given by the expression

(17)ω2 ≈ Q2

Mλ3
D

g(k)k2

(up to a factor 1/π ); see Eq. (19) in [13]. Therefore
the sign ofω2 may be investigated by a numeric
analysis of the (sign of the) right-hand side in (17).

In a similar manner, one may derive the cor
sponding characteristic frequency of longitudinal
cillationsω2

0,L from the equation of motion (2), give
(a)

(b)

Fig. 4. The potentialW is represented against the (normalize
levitation heighta (0< a < 10) and the intergrain distanceρ = kDr

(0 < ρ < 5) for a fixed Mach numberM , equal to (a)M = 0.5,
(b) M = 1.5. Notice that a given distance may correspond to sta
or unstable oscillations, depending on the levitation height.

by (3). Combining with (13) (remember that∇n =
(ik)n in Fourier space), we see thatω2

0,L entering the
dispersion relations (5) and (6), is related to the po
tial (Fourier) transformGk⊥ = (4π/kD)g(k) via the
expression

(18)

ω2
0,L = −Q2

M

1

(2π)δ

∫
dδk⊥ k2Gk⊥(z0)exp(ik⊥r0),

i.e.,

(19)ω2
0,L = −2Q2k3

D

M

∞∫
−∞

dq⊥ q2⊥g(q⊥)cos(q⊥ρ0)
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(a) (b)

(c)

Fig. 5. (a) The dust grid dispersion curve, i.e., the oscillation frequency squaredω2, as given by (15) and (17), is represented vs. the wavenum
k (normalized bykD). (b) ω2 is depicted against the wavenumberk and the Mach numberM (0<M < 1: subsonic case). (c) As in (b), fo
the supersonic case (M > 1). The levitation height was chosen equal toa = 2.7. Stable (ω2 > 0) and unstable (ω2 < 0) regions are clearly
distinguished in (a) and (b). Notice that two distinct unstable regions appear—see the dips in (b)—as the ion velocity increases. The
case is globally stable.
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for a one-dimensional lattice (δ = 1). Notice that this
final expression for the characteristic lattice oscillat
frequencyω0,L depends on both the levitation heig
a = kDz0 (via the functiong, defined in (15)) and
the lattice constantρ0 = r0/λD. In order to investigate
the sign ofω2

0,L, which reflects, as previously state
the stability of the lattice oscillations, one is le
with the task of evaluating the right-hand side
(19) numerically. The remaining part of this Letter
devoted to a rigorous and exact numerical study of
behaviour of the interaction potential, as given by
above expressions, as well as an investigation of
stability of longitudinal modes in the preceding mod

The behaviour of the potentialW against intergrain
distanceρ, at a fixed (normalized) heighta, is de-
picted in Fig. 1. In the subsonic regime (M < 1), we
encounter the appearance of attractive interaction
gions, as qualitatively predicted in Ref. [13], which a
then smoothed out asM takes higher values, and di
appears completely in the supersonic regime (M > 1).
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the
own. The
Fig. 6. Dust grid (in)stability contours (cf. (15), (17)):ω2 = 0 boundary curves are depicted against the (normalized) wavenumberk/kD
and the levitation heighta, for M equal to 0.95, 0.9, 0.8, 0.7, 0.5 (subsonic ion flow), respectively, in (a) to (e). As we move far from
electrode (a takes higher values), instability is smoothed out. We observe that instability appears as the ion flow is gradually slowed d
corresponding contour plot in the supersonic caseM > 1 (not depicted) is filled in white colour (stability); cf. Fig. 3 in Ref. [13].
s,
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In general, the stability of dust lattice oscillation
as well as the character of the interaction potential
tractive/repulsive) depends on the physical parame
involved, namely: (i) the intergrain equilibrium dis
tanceρ, (ii) the levitation heighta and (iii) the ion
flow (via the Mach numberM) in a rather complex
manner. Figs. 2–4 represent a set of three-dimens
plots of the interaction potentialW(r) as a function of
two of these parameters, keeping the third one fix
For instance, keeping the levitation height fixed (
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Fig. 7. The characteristic (square) lattice frequencyω2
0,L , given by

(19), is depicted against the Mach numberM for fixed (levitation
height) a and different values of the (normalized) lattice const
ρ0 = r0/λD.

Fig. 8. The characteristic (square) lattice frequencyω2
0,L , given

by (19), is depicted against the (normalized) lattice cons
ρ0 = r0/λD for fixed (levitation height)a and different values o
the Mach numberM .

Fig. 2), we notice that the form of the potentialW(r)

may strongly differ between one value of the Ma
numberM and another. In a similar manner, the n
merical value of the potential form at a given value
the intergrain distanceρ may strongly depend on th
levitation heighta in combination with the surround
ing ion flow; see Fig. 3. Finally, for a given value
the Mach numberM, the form of the potentialw(r)
vs. r may be qualitatively different at different levita
tion heightsa; see Fig. 4. Nevertheless, as intuitive
expected, for high values ofa, i.e., far from the wall,
the electrode effect is smoothed out, so what remain
the repulsive Debye potential, slightly distorted by t
ion flow. It should be stressed that all the above res
are valid in the subsonic case (M < 1). Supersonic ion
flow seems to have little effect on the qualitative fo
(a)

(b)

Fig. 9. ω2
0,L is depicted against the (normalized) levitation heig

a for different values of the Mach numberM and lattice constant
(a) ρ0 = 1.0; (b) ρ0 = 1.1. We see that the latter is always stab
while the former is only stable at specific height valuesa.

of the interaction potential, which remains repulsive
see, e.g., Fig. 3(b)—ensuring oscillatory stability
we shall also see below).

In the case of the dust-grid introduced in Ref. [1
a negative value ofω2, as given by (15) and (17
implying a purely growing mode, is indeed allowe
to occur for certain value combinations of the physi
parameters involved; see Figs. 5 and 6. In a gen
manner, we see that oscillations for a given value
distanceρ and heighta may be stable for certai
values ofM and become unstable asM varies. For
M < 1, a similar effect is present with respect toa,
i.e., oscillations for a given value ofρ andM may
be stable for certain values of heighta and become
unstable as the latter varies, i.e., essentially chan
the sheath electric field (related to the levitation hei
viz.QE|z=z0 =Mg); see the stability contour plots i
Fig. 6.
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A similar analysis may be carried out with respe
to the chain’s stability profile, in terms of the sign
ω2, as given by (19). As intuitively expected, the s
bility of the chain for a given value ofρ depends on the
velocityui of the ion flow, so that an increase inui may
result in unstable oscillations and melting of the cha
Inversely, stability for givenui may be ensured for
certain value ofρ and excluded for another; cf. Figs.
and 8 (the latter is reminiscent of the oscillatory sp
variation of the wake potentials pointed out in previo
works). Notice that, in general, stable configuratio
correspond to lattice constants of the order of a De
lengthλD, in agreement with known experimental r
sults. On the other hand, the dependence on the le
tion heighta (for givenui , ρ) does not appear to be s
dramatic: stable configurations remain so while va
ing a; nevertheless, different values ofρ—yet possibly
close ones—may present a completely different sta
ity profile; cf. Fig. 9(a), (b). These remarks seem
suggest that melting may occur when modifying
ion flow and/or when strong intergrain distance var
tions occur (possibly related to wide amplitude lon
tudinal oscillations due to nonlinear effects), yet rat
not so if the equilibrium position (related to the line
term in the sheath field) is modified. Interestingly,
the above remarks remain valid in both sub- (M < 1)
and supersonic (M > 1) ion flow cases (in contras
with the Ignatov grid model [13], where stability wa
prescribed forM > 1).

In conclusion, we have presented a complete stu
of the interaction potential between two negativ
charged dust grains in an unmagnetized plasma
ion flow. It is found that both Debye–Hückel repu
sive and ion wake attractive potentials are significan
modified by the ion flow. The attractive ion wake for
can produce a phase shift between the dust charge
sity and the dust position in dust grain arrangeme
suspended in the vicinity of a conducting electro
Consequently, the dust lattice oscillations become
stable. The instability regimes are sensitive to the
flow speed. The present results may help to unders
the melting of dust crystals in the sheath where i
are streaming against charged dust grains which f
a dust lattice.

In closing, we mention that our investigation
the longitudinal dust lattice waves in the presen
of modified Debye–Hückel and ion wake potenti
follows Ivlev and Morfill [23] and considers only th
-

nearest neighbor dust particle interactions. The la
is valid as long asrd  a  λD, where rd is the
dust radius,a is the intergrain separation distance, a
λD is the effective Debye radius of an unmagnetiz
dusty plasma. On the other hand, whena ∼ λD,
the approximation of nearest neighbor dust gr
interaction has to be relaxed in order to obtain
modified spectrum [15,17] of longitudinal dust latti
waves in an infinite chain of charged dust; howev
this investigation is beyond the scope of the pres
Letter.
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