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Plasma diffusion and relaxation in a magnetic field
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Abstract

A Fokker–Planck-type kinetic equation modeling a test-particle weakly interacting with an electrostatic

plasma, in the presence of a magnetic field B, is analytically solved. Explicit expressions are obtained for

variable moments and particle density as a function of time. Diffusion in space is classical, characterized by

a particle MSD varying as �B�2, in agreement with previous results.
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The standard kinetic-theoretical treatment of electrostatic plasmas is based on Landau-type
equations [1], describing the evolution of a distribution function (df) f ðv; tÞ in velocity space. This
description needs to be modified in case of a non-uniform df and/or in the presence of an external
force field. In previous work [2], a Fokker–Planck-type kinetic equation (FPE) was derived from
first principles for a test-particle (charge q, mass m) weakly interacting with a plasma embedded in
a uniform magnetic field B. This equation, describing the evolution of the df f ðx; v; tÞ in phase
space C ¼ fx; vg, has the form:
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where X ¼ qB=mc is the cyclotron frequency; b̂b ¼ B=B is the unit vector kB; of =oz ¼ 0 by as-
sumption. Note the appearance of the spatial diffusion term in the right-hand side (rhs), in fact
absent from most previous studies.
In principle, one�s aim should be to obtain an exact solution for f ðtÞ; one would thus be able to

trace the evolution of variable moments in time, as well as their dependence on the magnetic field
B. However, an exact analytical treatment is not possible, since all coefficients entering the col-
lision term (rhs) are complicated functions of particle velocity v; in addition, they depend on the
magnitude of the external magnetic field [2]. However, a numerical study of the coefficients in
terms of physical parameters shows that there exists a region where the diffusion coefficients Dy
are practically constant (i.e. independent of v) while friction terms Fy are linear in v [3]
(throughout this text y denote either ? or k, referring to quantities perpendicular or parallel,
respectively, to B). In specific, this is true for a low velocity value (compared to the thermal ve-
locity): intuitively speaking, this is close to the standard Langevin picture of a (slow) heavy
particle randomly interacting with (faster) light particles surrounding it.
Setting Dy ¼ constant, Fy ¼ cyvy, Eq. (1) may be rearranged into the standard form of a

multivariate (6d) FPE (see e.g. (VIII.6.1) in [4]). Both diffusion and drift matrices appearing in this
FPE, say D and A respectively (in fact 6	 6 square matrices), are directly derived from (1) and will
be omitted here, for brevity. Note that D is symmetric and positive definite, as expected. Retain
the equilibrium condition: cy ¼ m=T eq

y Dy  2b0
yDy which is necessary and sufficient in order for the

Maxwellian state: feqðvÞ ¼ feqð0Þe�b0?v
2
?e

�b0kv
2
k to cancel the rhs in (1). Given these considerations,

which define a multi-dimensional Ornstein-Uhlenbeck process, Eq. (1) may be solved for f ðtÞ via a
Green function method. Furthermore, since it describes a Gaussian process, an exact theory exists
for the calculation of variable mean values and covariances [4]. The calculation, involving mul-
tiple integrations in the 6C-space variables, is rather lengthy yet straightforward. This paper is a
brief report of the results; the lengthy details are exposed elsewhere [3b].
Assuming a Maxwellian initial distribution of the form:
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Fig. 1. The inverse temperature ~bbyðtÞ (scaled over ~bbyð1Þ ¼ b0
y) versus time s ¼ cyt for different values of

h ¼ b=b0 ¼ Teq=T ð0Þ. Collisions appear more efficient in accelerating initially slow particles (h > 1) than slowing down

fast ones (h < 1).
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where q ¼ x2 þ y2, v? ¼ v2x þ v2y and vk ¼ vz; note the definitions:
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where h ¼ by=b
0
y ¼ T eq

y =Ty and s ¼ c?t. We see that the velocity distribution will relax to the
equilibrium state anticipated above, as physically expected, since: lims!1 ~bbyðsÞ ¼ cy=ð2DyÞ  b0

y ¼
m=ð2T eq

y Þ, while spatial distribution will exhibit a classical diffusive behaviour, under the influence
of collisions; check that, for s � c�1y : ~bbðX Þ

? ðsÞ behaves as �X2b0
?=ð1þ 4b0

?QtÞ. The same quali-
tative result holds if the spatial distribution is assumed to be Maxwellian in space (i.e. not lo-
calized, cf. (2)) at t ¼ 0; details are omitted here [3b] (Fig. 1).
We may calculate an exact expression for the mean particle density in space: nðx; tÞ ¼R
dvf ðx; v; tÞ. Considering an initial condition of the form: f0ðx; vÞ ¼ dðx� x0Þdðv� v0Þ, we

obtain the form:
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(for simplicity the direction k to the field was neglected and the gyro-phase / was averaged out)
where:
L2ðtÞ ¼ X�2 T 0
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and R0ðtÞ ¼ ð1þ e�2c?t � 2e�c?t cosXtÞ1=2v0?=X; see that R0 � v0?=X  q0
L after a while. For zero

initial velocity, R0 ¼ 0 so a pure Gaussian profile is recovered. On the other hand, for a higher v0?,
the distribution spreads in space, as expected. See that L2ðtÞ asymptotically behaves as �t; we
therefore exactly recover the classical diffusion mechanism anticipated earlier. Furthermore,
earlier results predicting diffusion dependence on the field as �B�2 are thus confirmed [5].
Finally, the (symmetric) covariance matrix hhykylii ¼ hykyli � hykihyli  Nkl (y ¼ ðx; y;

z; vx; vy ; vzÞ) can be evaluated via the same formalism [4]. For velocity covariances we
obtain:
N44  hhvxvxiið¼ N55  hhvyvyiiÞ ¼
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m
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(set k instead of ? for N66 ¼ hhvzvzii); position elements are:
N11 ¼ hhxxiið¼ N22 ¼ hhyyiiÞ ¼ L2
(see (6)),
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cross-v–x elements are:
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m

ð1� e�2c?tÞ

N63  hhvzzii ¼ Dk
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(also their symmetric ones); all remaining elements are zero.
In conclusion, the analytical treatment of the kinetic equation (1) in an Ornstein-type ap-

proximation reveals a classical diffusive behaviour in space and allows for an exact study of
plasma relaxation as well as moment evolution in time. A more detailed report is in preparation.
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